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Introduction to RelPack 2.0

È Purpose and Background

The purpose of this section is to introduce the user to the main features and syntax for RelPack 2.0.  

RelPack is collection of Mathematica packages, which when taken together provide a variety of 

functions for performing reliability model-building and analysis with binary, multistate, and 

continuous reliability models.

It is necessary to have a certain level of knowledge concerning Mathematica to make effective use of

RelPack.  RelPack’s goal is to provide a collection of functions that can be used, combined, and 

extended for the purposes of reliability analyses.  However, the underlying syntax used for all these 

functions is that of the Mathematica language, and without some knowledge of it this environment 

cannot be utilized to its fullest extent.  For more information on Mathematica, the user is referred to the

standard defining text of the language [The Mathematica Book by Stephen Wolfram (1996)] and the 

Mathematica web site [www wolfram com]

RelPack was written as an essential element of the author’s doctoral dissertation work.

È Package Basics

ì Loading the RelPack Environment

After the Mathematica interpreter has been invoked, all the functionality of RelPack may be loaded by

using the following command:

Needs["LoadReliability‘"]

Alternatively, one may load separate groups of functions (called "Packages") individually instead of 

loading the entire set of them.  Loading packages individually may be necessary in cases where 

memory is scarce.



The DeterministicAnalysis 
Package

È General Comments and Definitions

In general, the functions in this package are designed to assist with multistate, rather than continuum

systems.  The vector comparison operators LessOrEqualQ, LessQ, GreaterOrEqualQ, and GreaterQ are

the only functions which will have value for non-discrete models.  The emphasis in this package is on

the manipulation of minimal paths and cuts, and on coherence verification.

phi$Max[x_] := Max[x]

È Function Documentation

ì LessOrEqualQ[x,y]

This function will return "True" if the vector x is less than or equal to the vector y, "False" otherwise.

LessOrEqualQ[{0,0,1},{1,1,2}]

True

ì LessQ[x,y]

This function will return "True" if the vector x is less than the vector y, "False" otherwise.

LessQ[{1,1,1},{1,1,1}]

False

ì GreaterOrEqualQ[x,y]

This function will return "True" if the vector x is greater than or equal to the vector y, "False" 

otherwise.



GreaterOrEqualQ[{1,1,1},{1,1,1}]

True

ì GreaterQ[x,y]

This function will return "True" if the vector x is greater than the vector y, "False" otherwise.

GreaterQ[{1,1,2},{1,1,1}]

True

ì VectorSpace[p]

This function will return the list of all possible component state vectors, given the list of possible 

states for each vector, p.

VectorSpace[{{0,1,2},{0,1,2,3},{0,1}}]

880, 0, 0<, 80, 0, 1<, 80, 1, 0<, 80, 1, 1<, 80, 2, 0<, 80, 2, 1<,
80, 3, 0<, 80, 3, 1<, 81, 0, 0<, 81, 0, 1<, 81, 1, 0<, 81, 1, 1<,
81, 2, 0<, 81, 2, 1<, 81, 3, 0<, 81, 3, 1<, 82, 0, 0<, 82, 0, 1<,
82, 1, 0<, 82, 1, 1<, 82, 2, 0<, 82, 2, 1<, 82, 3, 0<, 82, 3, 1<<

ì NonDecreasingQ[p,phi]

This function will return "True" if the given structure function is non-decreasing on the space of 
possible component state vectors, "False" otherwise.

NonDecreasingQ[{{0,1,2},{0,1,2,3},{0,1}},phi$Max]

True

ì ProperLimitsQ[p,phi,fphi]

This function will return "True" if the given structure function maps the maximal and minimal 
component state vectors into the maximal and minimal system states, respectively.  "False" is 
returned otherwise.



ProperLimitsQ[{{0,1,2},{0,1,2,3},{0,1}},
              phi$Max,{0,1,2,3}]

True

ì ReleventComponentsQ[p,phi]

This function will return "True" if every component is relevent, "False" otherwise.  A component 
is deemed relevent if there is some component state vector for which some change in this 
component will cause a change in the system state.

ReleventComponentsQ[{{0,1,2},{0,1,2,3},{0,1}},phi$Max]

True

ì CoherentQ[p,phi,fphi]

This function will return "True" if the given multistate system is coherent, false otherwise.  A 
system is deemed coherent if it passes the ReleventComponentsQ, ProperLimitsQ, and 
NonDecreasingQ tests.

CoherentQ[{{0,1,2},{0,1,2,3},{0,1}},phi$Max,{0,1,2,3}]

True

ì LBPFromStructure[p,phi,fphi]

This function will return the lower boundary points to each level, under the assumption that the 
system is coherent.  For each boundary point, the first part of the list gives the component vector 
for that boundary point, the second gives the system state that vector is a boundary point for, the 

third defines whether that is an upper or lower boundary point, and the last will indicate whether 
that boundary point is "Real" or "Virtual".  A boundary point is termed virtual if the system state 

associated with that component state vector is not equal to the system state that component is a 
boundary point for.  Please note that the Virtual boundary points are necessary to retain, if one 

wishes to reconstruct the original structure function accurately based only on the boundary points.  
Compare the two examples below for clarification of this point.  The situation with 

UBPFromStructure is exactly analagous.



lbps=LBPFromStructure[{{0,1,2},{0,1,2,3},{0,1}},
   phi$Max,{0,1,2,3}]

8880, 0, 1<, 1, Lower, Real<, 880, 1, 0<, 1, Lower, Real<,
881, 0, 0<, 1, Lower, Real<, 880, 2, 0<, 2, Lower, Real<,
882, 0, 0<, 2, Lower, Real<, 880, 3, 0<, 3, Lower, Real<<

LBPFromStructure[{{0,2},{0,2,3},{0,2}},
   phi$Max,{0,1,2,3}]

8880, 0, 2<, 1, Lower, Virtual <, 880, 2, 0<, 1, Lower, Virtual <,
882, 0, 0<, 1, Lower, Virtual <, 880, 0, 2<, 2, Lower, Real<,
880, 2, 0<, 2, Lower, Real<, 882, 0, 0<, 2, Lower, Real<,
880, 3, 0<, 3, Lower, Real<<

ì UBPFromStructure[p,phi,fphi]

This function will return the upper boundary points to each level, under the assumption that the 

system is coherent.  See LBPFromStructure for further discussion.

ubps=UBPFromStructure[{{0,1,2},{0,1,2,3},{0,1}},
   phi$Max,{0,1,2,3}]

8880, 0, 0<, 0, Upper, Real<, 881, 1, 1<, 1, Upper, Real<,
882, 2, 1<, 2, Upper, Real<<

UBPFromStructure[{{0,1,3},{0,1,3},{0,3}},
   phi$Max,{0,1,2,3}]

8880, 0, 0<, 0, Upper, Real<, 881, 1, 0<, 1, Upper, Real<,
881, 1, 0<, 2, Upper, Virtual <<

ì CUVUpperBound[n,m]

This function will return the Xue and Yang [1995] upper bound on the number of Critical Upper 

Vectors for each level j.  It is assumed that the system and each and each of the n components have 
the same number of possible states: m+1.



CUVUpperBound[5,3]

155

ì BoedigheimerSeriesQ[lbps,ubps,fphi]

This function will return True if the system (based on the upper and lower boundary points) meets 

Boedigheimer’s [1992] definition of a series system.  We use below the lower and upper boundary 
points that were obtained in the examples for LBPFromStructure and UBPFromStructure.  This 

definition is met if there is one lower boundary point and n upper boundary points to each level.

BoedigheimerSeriesQ[lbps,ubps,{0,1,2,3}]

False

ì BoedigheimerParallelQ[lbps,ubps,fphi]

This function will return True if the system (based on the upper and lower boundary points) meets 
Boedigheimer’s [1992] definition of a parallel system.  We use below the lower and upper 

boundary points that were obtained in the examples for LBPFromStructure and 
UBPFromStructure.  This definition is met if there is one upper boundary point and n lower 

boundary points to each level.

BoedigheimerParallelQ[lbps,ubps,{0,1,2,3}]

False

ì LBPFromPaths[paths,n]

This function will return the full lower boundary point form (as is normally returned by functions 
such as LBPFromStructure) for a list of lists of components, where each list of components 

identifies a minimal path for a binary system with n components.



lbps2=LBPFromPaths[{{1,2,3},{2,4},{5}},6]

8881, 1, 1, 0, 0, 0<, 1, Lower, Real<,
880, 1, 0, 1, 0, 0<, 1, Lower, Real<,
880, 0, 0, 0, 1, 0<, 1, Lower, Real<<

ì UBPFromCuts[cuts,n]

This function will return the full upper boundary point form (as is normally returned by functions 

such as UBPFromStructure) for a list of lists of components, where each list of components 
identifies a minimal cut for a binary system with n components.

ubps2=UBPFromCuts[{{1,2,3},{2,4},{5}},6]

8880, 0, 0, 1, 1, 1<, 0, Upper, Real<,
881, 0, 1, 0, 1, 1<, 0, Upper, Real<,
881, 1, 1, 1, 0, 1<, 0, Upper, Real<<

ì PathsFromLBP[lbps]

This function will return the list of minimal paths for a binary system, based on the full lower 
boundary point form (as is normally returned by functions such as LBPFromStructure) for that 

system..

PathsFromLBP[lbps2]

881, 2, 3<, 82, 4<, 85<<

ì CutsFromUBP[ubps]

This function will return the list of minimal cuts for a binary system, based on the full upper 
boundary point form (as is normally returned by functions such as UBPFromStructure) for that 

system..



CutsFromUBP[ubps2]

881, 2, 3<, 82, 4<, 85<<

ì BoedigheimerReleventComponentsQ[lbps,ubps,p]

This function will return "True" if every component meets Boedigheimer’s [1992] definition of 

relevency, based on the lower boundary points lbps, the upper boundary points ubps, and the 
component state space list p.

BoedigheimerReleventComponentsQ[lbps,ubps,
   {{0,1,2},{0,1,2,3},{0,1}}]

True

ì StructuralImportances[p,phi]

This function will return the structural importances of every component of the system, based on 
the component state space list p and the structure function phi.

StructuralImportances[{{0,1,2},{0,1,2},{0,1}},phi$Max]
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ì UBPToLBP[ubps,p,fphi]

This function will return the lower boundary point list, based on the upper boundary point list, the 

component state space list p, and the system state space fphi.  No attempt is made to discern 
whether any given boundary point is "Real" or "Virtual".  However, it should be noted that 
nowhere in this package does any function actually use this "Real" vs. "Virtual" information.



UBPToLBP[ubps,{{0,1,2},{0,1,2,3},{0,1}},{0,1,2,3}]

8880, 0, 1<, 1, Lower, Indet<, 880, 1, 0<, 1, Lower, Indet<,
881, 0, 0<, 1, Lower, Indet<, 880, 2, 0<, 2, Lower, Indet<,
882, 0, 0<, 2, Lower, Indet<, 880, 3, 0<, 3, Lower, Indet<<

ì LBPToUBP[lbps,p,fphi]

This function will return the upper boundary point list, based on the lower boundary point list, the 

component state space list p, and the system state space fphi.  No attempt is made to discern 
whether any given boundary point is "Real" or "Virtual".  However, it should be noted that 
nowhere in this package does any function actually use this "Real" vs. "Virtual" information, and 

that the function BPTypeFind is capabale of performing this calculation if it is needed.

LBPToUBP[lbps,{{0,1,2},{0,1,2,3},{0,1}},{0,1,2,3}]

8880, 0, 0<, 0, Upper, Indet<, 881, 1, 1<, 1, Upper, Indet<,
882, 2, 1<, 2, Upper, Indet<<

ì CutsToPaths[cuts,n]

This function will return the list of minimal paths, based on the list of minimal cuts, for a binary 
system with n components.

CutsToPaths[{{1,2,3,4}},4]

884<, 83<, 82<, 81<<

ì PathsToCuts[paths,n]

This function will return the list of minimal cuts, based on the list of minimal paths, for a binary 

system with n components.

CutsToPaths[{{1},{2},{3},{4}},4]

881, 2, 3, 4<<

ì SystemStateFromLBP[lbps,fphi,x]

This function will return the state of the system associated with a particular component state vector 
x, based not on knowledge of the structure function phi but rather on knowledge of the lower 

boundary point list lbps and the system state space fphi.



SystemStateFromLBP[lbps,{0,1,2,3},{0,1,0}]

1

ì SystemStateFromUBP[ubps,fphi,x]

This function will return the state of the system associated with a particular component state vector 

x, based not on knowledge of the structure function phi but rather on knowledge of the upper 
boundary point list ubps and the system state space fphi.

SystemStateFromUBP[ubps,{0,1,2,3},{0,1,0}]

1

ì BPClean[lbps or ubps,string1,string2]

This function is designed to simplify entry of long lists of boundary points.  It will complete some 

uncompleted fields, and will sort the resulting list.  If the upper/lower indication is not present for 
some boundary point, it will be added as given by string1.  If the Real/Virtual indication is not 

present, it will be added as given by string2.  If no string2 is given, it defaults to Indet (for 
Indeterminate).  As a shortcut, this function will also convert codes for the Real/Virtual/Indet 

entry. It will interpret 0 as Real, 1 as Virtual, and 2 as Indet.

simplbps={{{0,0,1},1}, {{0,1,0},1}, {{1,0,0},1},
          {{0,2,0},2}, {{2,0,0},2}, {{0,3,0},3}}

8880, 0, 1<, 1<, 880, 1, 0<, 1<, 881, 0, 0<, 1<, 880, 2, 0<, 2<,
882, 0, 0<, 2<, 880, 3, 0<, 3<<

BPClean[simplbps,"Lower","Real"]

8880, 0, 1<, 1, Lower, Real<, 880, 1, 0<, 1, Lower, Real<,
881, 0, 0<, 1, Lower, Real<, 880, 2, 0<, 2, Lower, Real<,
882, 0, 0<, 2, Lower, Real<, 880, 3, 0<, 3, Lower, Real<<

ì LBPSelfConsistentQ[lbps]

This function will return "True" if the set of lower boundary points given is consistent with itself, 

and "False" otherwise.



LBPSelfConsistentQ[lbps]

True

ì UBPSelfConsistentQ[ubps]

This function will return "True" if the set of upper boundary points given is consistent with itself, 

and "False" otherwise.

UBPSelfConsistentQ[ubps]

True

ì BPConsistentToEachOtherQ[lbps,ubps]

This function will return "True" if the sets of boundary points given are consistent with each other, 
and "False" otherwise.

BPConsistentToEachOtherQ[lbps,ubps]

True

ì SystemLimitsFromBP[lbps,ubps]

This function will return the extreme states of the system, based on the upper and lower boundary 

points.  The assumption is made that the boundary point sets given are complete and valid.

SystemLimitsFromBP[lbps,ubps]

80, 3<

ì StructureFromPhi[p,phi]

This function will create a table of all possible component states with the associated system states, 
based only on p and phi.



StructureFromPhi[{{0,1,2},{0,1,2,3},{0,1}},phi$Max]

8880, 0, 0<, 0<, 880, 0, 1<, 1<, 880, 1, 0<, 1<, 880, 1, 1<, 1<,
880, 2, 0<, 2<, 880, 2, 1<, 2<, 880, 3, 0<, 3<, 880, 3, 1<, 3<,
881, 0, 0<, 1<, 881, 0, 1<, 1<, 881, 1, 0<, 1<, 881, 1, 1<, 1<,
881, 2, 0<, 2<, 881, 2, 1<, 2<, 881, 3, 0<, 3<, 881, 3, 1<, 3<,
882, 0, 0<, 2<, 882, 0, 1<, 2<, 882, 1, 0<, 2<, 882, 1, 1<, 2<,
882, 2, 0<, 2<, 882, 2, 1<, 2<, 882, 3, 0<, 3<, 882, 3, 1<, 3<<

ì StructureFromLBP[p,lbps,fphi]

This function will create a table of all possible component states with the associated system states, 
based only on p, fphi and the set of lower boundary points lbps.

StructureFromLBP[{{0,1,2},{0,1,2,3},{0,1}},
                 lbps,{0,1,2,3}]

8880, 0, 0<, 0<, 880, 0, 1<, 1<, 880, 1, 0<, 1<, 880, 1, 1<, 1<,
880, 2, 0<, 2<, 880, 2, 1<, 2<, 880, 3, 0<, 3<, 880, 3, 1<, 3<,
881, 0, 0<, 1<, 881, 0, 1<, 1<, 881, 1, 0<, 1<, 881, 1, 1<, 1<,
881, 2, 0<, 2<, 881, 2, 1<, 2<, 881, 3, 0<, 3<, 881, 3, 1<, 3<,
882, 0, 0<, 2<, 882, 0, 1<, 2<, 882, 1, 0<, 2<, 882, 1, 1<, 2<,
882, 2, 0<, 2<, 882, 2, 1<, 2<, 882, 3, 0<, 3<, 882, 3, 1<, 3<<

ì StructureFromUBP[p,ubps,fphi]

This function will create a table of all possible component states with the associated system states, 

based only on p, fphi and the set of upper boundary points ubps.

StructureFromUBP[{{0,1,2},{0,1,2,3},{0,1}},
                 ubps,{0,1,2,3}]

8880, 0, 0<, 0<, 880, 0, 1<, 1<, 880, 1, 0<, 1<, 880, 1, 1<, 1<,
880, 2, 0<, 2<, 880, 2, 1<, 2<, 880, 3, 0<, 3<, 880, 3, 1<, 3<,
881, 0, 0<, 1<, 881, 0, 1<, 1<, 881, 1, 0<, 1<, 881, 1, 1<, 1<,
881, 2, 0<, 2<, 881, 2, 1<, 2<, 881, 3, 0<, 3<, 881, 3, 1<, 3<,
882, 0, 0<, 2<, 882, 0, 1<, 2<, 882, 1, 0<, 2<, 882, 1, 1<, 2<,
882, 2, 0<, 2<, 882, 2, 1<, 2<, 882, 3, 0<, 3<, 882, 3, 1<, 3<<

ì SystemSpaceFromBP[lbps,ubps]

This function will discern the system state space fphi based on the complete sets of upper and 

lower boundary points for the system.



SystemSpaceFromBP[lbps,ubps]

80, 1, 2, 3<

ì BPTypeFind[bplist,phi]

This function will discern whether each boundary point is either Real or Virtual, converting any 

Indet values in the table to one of those two designations.  The structure function phi is necessary 
input.

lbps3 = {{{0, 0, 2}, 1, "Lower", "Indet"},
         {{0, 2, 0}, 1, "Lower", "Indet"},
         {{2, 0, 0}, 1, "Lower", "Indet"}, 
         {{0, 0, 2}, 2, "Lower", "Indet"},
         {{0, 2, 0}, 2, "Lower", "Indet"},
         {{2, 0, 0}, 2, "Lower", "Indet"}, 
         {{0, 3, 0}, 3, "Lower", "Indet"}}

8880, 0, 2<, 1, Lower, Indet<, 880, 2, 0<, 1, Lower, Indet<,
882, 0, 0<, 1, Lower, Indet<, 880, 0, 2<, 2, Lower, Indet<,
880, 2, 0<, 2, Lower, Indet<, 882, 0, 0<, 2, Lower, Indet<,
880, 3, 0<, 3, Lower, Indet<<

BPTypeFind[lbps3,phi$Max]

8880, 0, 2<, 1, Lower, Virtual <, 880, 2, 0<, 1, Lower, Virtual <,
882, 0, 0<, 1, Lower, Virtual <, 880, 0, 2<, 2, Lower, Real<,
880, 2, 0<, 2, Lower, Real<, 882, 0, 0<, 2, Lower, Real<,
880, 3, 0<, 3, Lower, Real<<



The StochasticAnalysis Package

È General Comments and Definitions

We start by defining a multistate system that we will use throughout this chapter for the sake of 

example.  As is generally the case, "p" is the list of possible state values for each component of the 

system, "fphi" is the list of possible state values for the system itself, and "pprob" is the list of 

probabilities that each component of the system is in each one of its given states.  phi$Enum will be a

structure function which was explicitly defined by the customer, and phi$Max is a structure function

which assumes the maximalvalue of any of the components.

p={Range[0,3],Range[0,2]}

880, 1, 2, 3<, 80, 1, 2<<

pprob={{0.05, 0.1, 0.15, 0.7},{0.1, 0.3, 0.6}}

880.05, 0.1, 0.15, 0.7<, 80.1, 0.3, 0.6<<

fphi=Range[0,4]

80, 1, 2, 3, 4<

phi$Max[x_] := Max[x]

phi$Enum[x_] := Module[{systab},

   systab = {{{0,0},0},

             {{0,1},1},

             {{0,2},2},

             {{1,0},0},

             {{1,1},1},

             {{1,2},3},

             {{2,0},1},

             {{2,1},2},

             {{2,2},3},

             {{3,0},2},

             {{3,1},4},

As it will come in handy later, we now calculate the lower boundary points for this system:



(lbps=LBPFromStructure[p,phi$Enum,fphi]) // MatrixForm

i

k
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80, 1< 1 Lower Real

82, 0< 1 Lower Real

80, 2< 2 Lower Real

82, 1< 2 Lower Real

83, 0< 2 Lower Real

81, 2< 3 Lower Real

83, 1< 3 Lower Virtual

83, 1< 4 Lower Real

y
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È Function Documentation

ì ConsistentProbabilitiesQ[p, pprob]

This function will check that the matrix of component state probabilities is the same size as the 
matrix of component state values, and that the probability that each component is in SOME state is 

one.  It operates only with discrete systems.

ConsistentProbabilitiesQ[p,pprob]

True

ì SystemFromDirectEnumeration[p, phi, fphi, pprob]

This function will return the exact system state probabilities for a discrete system, based on the 
component state spaces p, the system state space fphi, the probabilities of each component being in 

each state pprob, and the structure function phi.

SystemFromDirectEnumeration[p,phi$Enum,fphi,pprob]

80.015, 0.06, 0.145, 0.15, 0.63<

ì SystemFromLBPInclusionExclusion[p, lbps, fphi, pprob]

This function will return the exact system state probabilities for a discrete system.  In contrast to 
SystemFromDirectEnumeration, this function attempts to use Feller’s Inclusion/Exclusion 

Principle to save on computation time.



SystemFromLBPInclusionExclusion[p,lbps,fphi,pprob]

80.015, 0.06, 0.145, 0.15, 0.63<

ì TrivialBoundsFromLBP[p, lbpoint, pprob]

This function will return the trivial bounds for the probability of being in or above the particular 

state of the discrete system which corresponds to the lower boundary point which was given.  Note 
that only one lower boundary point is given, as a simple list of the component states (i.e. {2,2,1}.  

The function returns a list of two numbers, where the first is the lower bound and the second is the 
upper bound.

TrivialBoundsFromLBP[p, {1,2}, pprob]

80.57, 0.98<

ì InclusionExclusionBoundsFromLBP[p, lbps, fphi, pprob, prec]

This function will return the Inclusion/Exclusion bounds on the probability of being in or above 

any particular state of the discrete system.  prec is the maximum number of Inclusion/Exclusion 
terms to use in the summation (the lower this number, the rougher and faster the approximation).  

Note that, if, for any state, the number of summation terms needed to exactly compute the 
probability in question is less than or equal to prec, then an exact value for that state is returned 
rather than bounds.

InclusionExclusionBoundsFromLBP[p,lbps,fphi,pprob,2]

81, 0.985, 80.505, 2.065<, 0.78, 0.63<

ì SystemMatrix[fphi, ans]

This function will merge the system system states with the system probabilities, for further 
examination in terms of reliability measures.  It functions only with discrete systems



SystemMatrix[fphi,
  SystemFromDirectEnumeration[p,phi$Enum,fphi,pprob]]

880, 0.015<, 81, 0.06<, 82, 0.145<, 83, 0.15<, 84, 0.63<<

ì ReliabilityImportance[p, phi, fphi, pprob, i, j]

This function will return the Reliability Importance of component i in state j in the given system, 
for discrete systems.

ReliabilityImportance[p, phi$Enum, fphi, pprob, 1, 1]

0.6

ì ReliabilityImportancesTable[p, phi, fphi, pprob]

This function will return the Reliability Importances for every state of every component.  This is 

returned in the same form as p, and functions only for discrete systems.

ReliabilityImportancesTable[p, phi$Enum, fphi, pprob]

880., 0.6, 1., 2.3<, 80., 1.7, 2.1<<

ì PToQ[pr]

This function will accept a vector of probabilities of being in a particular state and return the 
probabilities of being over and above each particular state.  It has meaning only for discrete 

systems.

PToQ[SystemFromDirectEnumeration[p,phi$Enum,
                                 fphi,pprob]]

81, 0.985, 0.925, 0.78, 0.63<

ì QToP[qr]

This function will accept a vector of probabilities of being in or above any particular state and 
return the probabilities of being in each particular state.  It has meaning only for discrete systems.



QToP[PToQ[SystemFromDirectEnumeration[p,phi$Enum,
                                      fphi,pprob]]]

80.015, 0.06, 0.145, 0.15, 0.63<

ì StieltjesIntegral[f, g, {t, min:0, max:1}, fact:2]

This function will return an approximation to the Stieltjes integral of f with respect to function g, 
where f and g are functions of t.  The integration takes places using 10^fact+1 samplings of f and g 
between min and max.  f and/or g may be discrete or continuous.

g[t_] := Which[t<(1/3), 0,
               t>=(1/3),1]

Plot[g[t], {t,0,1}, AxesLabel->{"t","g[t]"}]
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f[t_] := t



Plot[f[t], {t,0,1}, AxesLabel->{"t","f[t]"}]
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StieltjesIntegral[f[t], g[t], {t, 0, 1}, 2]

0.34

ì StieltjesIntegralH[f, g, {t, min:0, max:1}, fact:2]

This function will return an approximation to the Stieltjes integral of f with respect to function g, 

where f and g are functions of t.  The integration takes places using 10^fact+1 samplings of f and g 
between min and max, and then uses the NSum function to estimate the contribution to the integral 

of regions between max and Infinity.  See StieltjesIntegral for definitions of f and g that are used 
in this example.  f and/or g may be discrete or continuous.

StieltjesIntegralH[f[t], g[t], {t, 0, 1}, 2]

0.34

ì StieltjesIntegralG[f, g, {t, min:0, max:1}, fact:2]

This function will return an approximation to the Stieltjes integral of f with respect to function g, 

where f and g are functions of t.  The integration takes places using 10^fact+1 samplings of f and g 
between min and max, and then uses the NSum function to estimate the contribution to the integral 

of regions between max and Infinity and between -Infinity and min.  See StieltjesIntegral for 
definitions of f and g that are used in this example.  f and/or g may be discrete or continuous.



StieltjesIntegralG[f[t], g[t], {t, 0, 1}, 2]

0.34

ì P[cdfs, rules:none]

This function will return the CDF of a random variable which is a maximum of those given in the 

list named cdfs through their cumulative distribution functions.  If you wish not the general 
solution, but rather an answer for a particular x, then enter that as an optional rule such as x->0.5.  

If you wish an answer for a particular moment in time t, then you can enter that as x->x0, t->t0.  It 
is important to be clear on the meaning of the CDF for a point in time for a component.  This CDF 

is a function that, at that point in time, gives the probability of that component being in or below 
any given state.  It has the same meaning and functional form for binary, multistate, continuous, 
and mixed components.

cdflist={BinaryCDF[x,1/2],TriangularCDF[x,3/4],
         UniformCDF[x],UniformMixedCDF[x,1-E^(-t),0]};

Plot[Evaluate[cdflist /. t->(1/2)], {x, -0.02, 1.04},
   PlotLabel->"Graph of CDF’s in cdflist, t=1/2",
   AxesLabel->{"x","F[x]"}]
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psystem=P[cdflist, t->(1/2)];



Plot[psystem, {x, -0.01, 1.01},
   PlotLabel->
      "Graph of System CDF for P[cdflist], t=1/2",
   AxesLabel->
      {"phi","F[phi]"},PlotRange->{0,1}]
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ì S[cdfs, rules:none]

This function will return the CDF of a random variable which is a minimum of those given in the 
list named cdfs through their cumulative distribution functions.  If you wish not the general 

solution, but rather an answer for a particular x, then enter that as an optional rule such as x->0.5.  
If you wish an answer for a particular moment in time t, then you can enter that as x->x0, t->t0.  It 
is important to be clear on the meaning of the CDF for a point in time for a component.  This CDF 

is a function that, at that point in time, gives the probability of that component being in or below 
any given state.  It has the same meaning and functional form for binary, multistate, continuous, 

and mixed components.  Please see P for the definition of the CDF list used in the illustration of 
this function.

ssystem=S[cdflist, t->(1/2)];



Plot[ssystem, {x, 0, 1},
   PlotLabel->
      "Graph of System CDF for S[cdflist], t=1/2",
   AxesLabel->{"phi","F[phi]"},
   PlotRange->{{0,1},{0,1}}]
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ì A[cdf, x, a]

This function will return the CDF of a random variable y where y=ax.  a is some real number, and 
x is another random variable.  This has the same meaning and form for continuous, multistate, 

binary, and mixed systems.

cdf=MultistateCDF[x,{{0,1/4},{1/2,1/2},{1,1/4}}];



Plot[cdf // Evaluate, {x, -0.1, 1.1},
     PlotLabel->"Graph of cdf",
     AxesLabel->{"x","F[x]"},
     PlotRange->{0,1}]
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asystem=A[cdf, x, 3/2];



Plot[asystem // Evaluate, {x, 0, 2}, 
   PlotLabel->"Graph of System for A[cdf]",
   AxesLabel->{"x","F[x]"},
   PlotRange->{{0,2},{0,1}}]
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ì C1[cdf1, {cdf2, min2:0, max2:1}, x, z, fact:2]

This function will return the probability that x+y is less than or equal to some value z.  The CDF 
of x is given by cdf1, and the CDF of y is given by cdf2.  min2 and max2 are the minimum and 

maximum values that the random variable y may assume (note: min and max parameters are 
common for many types of functions in RelPack, and have generally the same interpretation - their 

presence will not always be commented on in the documentation for the function, if they are 
identifiable in the parameter list for that function).  It is assumed that cdf1 and cdf2 are functions 

of x.  fact has the same interpretation that is does in StieltjesIntegral.  If z is not given as a real 
value, then the CDF is returned to you as a function of x.

c1system=C1[cdf // Hold, {BinaryCDF[x,1/2]}, x, z];



Plot[c1system // ReleaseHold // Evaluate, {x, 0, 2}, 
 PlotLabel->
  "Graph of System for C1[cdf,BinaryCDF[x,1/2]]",
 AxesLabel->{"x","F[x]"},
 PlotRange->{{0,2},{0,1}}]
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ì CA[cdf1, min1:0, max:1, {cdf2, min2:0, max2:1}, x, z, fact:2]

This function is identical to C1, except that the result is scaled to have a maximum value of 1.

casystem=CA[cdf // Hold, {BinaryCDF[x,1/2]}, x, z];



Plot[casystem // ReleaseHold // Evaluate, {x, 0, 1}, 
 PlotLabel->
  "Graph of System for CA[cdf,BinaryCDF[x,1/2]]",
 AxesLabel->{"x","F[x]"}, PlotRange->{{0,1},{0,1}}]
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ì CAV[cdf1, min1:0, max:1, {cdf2, min2:0, max2:1}, x, z, fact:2]

This function is identical to C1, except that the CDF for the average, rather than the sum, of the 
random variables represented by cdf1 and cdf2 is returned.  When min1=min2=0 and 

max1=max2=1, this will return the same result as CA.

cavsystem=CAV[cdf // Hold, {BinaryCDF[x,1/2]}, x, z];



Plot[cavsystem // ReleaseHold // Evaluate, {x, 0, 1}, 
 PlotLabel->
  "Graph of System for CAV[cdf,BinaryCDF[x,1/2]]",
 AxesLabel->{"x","F[x]"}, PlotRange->{{0,1},{0,1}}]
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ì DiscreteBuild[syslist, phi]

This function will take a list of complete sys matrices for different subsystems, and apply phi to 
them so as to construct a sys matrix for the whole system.  The probability of the system being in 

any one of its possible states is determined by direct enumeration.

x1={{0,1/4},{1/2,1/2},{1,1/4}};

x2={{0,1/2},{1,1/2}};

x3={{0,1/3},{1/2,1/3},{1,1/3}};

syslist={x1,x2,x3};



DiscreteBuild[syslist,phi$Max]
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ì PM[syslist]

This function is the purely discrete analog of P.  Note that P will still work properly with discrete 
systems, but if you know ahead ahead of time that the entire system is completely discrete, you 

will save time by using PM rather than P.  syslist is in the same form as it was given in 
DiscreteBuild.

PM[syslist]
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ì SM[syslist]

This function is the purely discrete analog of S.  See PM for details.

SM[syslist]
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ì AM[sys, a]

This function is the purely discrete analog of A.  See PM for details.  Note that unlike syslist, here 

we are passing only one system matrix.

AM[syslist[[2]], 3/2]
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ì C1M[syslist]

This function is the purely discrete analog of C1.  See PM for details.



C1M[syslist]
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ì CAM[syslist]

This function is the purely discrete analog of CA.  See PM for details.

CAM[syslist]
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ì CAVM[syslist]

This function is the purely discrete analog of CAV.  See PM for details.

CAVM[syslist]
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È Additional Commentary

ì Comments on Timing

In many circumstances, SystemFromLBPInclusionExclusion and 

InclusionExclusionBoundsFromLBP will perform their tasks faster than 
SystemFromDirectEnumeration.  The following example will illustrate this for phi$Max.

ì Definitions

p$1=Table[Range[0,3],{4}]

880, 1, 2, 3<, 80, 1, 2, 3<, 80, 1, 2, 3<, 80, 1, 2, 3<<



fphi$1=Range[0,3]

80, 1, 2, 3<

pprob$1 = 880.5043128477021241, 0.07245055618411537,

0.05287763869180079, 0.3703589574219598<,

80.087617398287609, 0.3289199767039768,

0.2411610389233241, 0.3423015860850898<,

80.4205428683153921, 0.06576473583833683,

0.407974829002557, 0.105717566843714<,

80.2303276367256573, 0.2358913729230182,

0.3206308214277661, 0.2131501689235582<<;

lbps$1=LBPFromStructure[p$1,phi$Max,fphi$1]

8880, 0, 0, 1<, 1, Lower, Real<, 880, 0, 1, 0<, 1, Lower, Real<,
880, 1, 0, 0<, 1, Lower, Real<, 881, 0, 0, 0<, 1, Lower, Real<,
880, 0, 0, 2<, 2, Lower, Real<, 880, 0, 2, 0<, 2, Lower, Real<,
880, 2, 0, 0<, 2, Lower, Real<, 882, 0, 0, 0<, 2, Lower, Real<,
880, 0, 0, 3<, 3, Lower, Real<, 880, 0, 3, 0<, 3, Lower, Real<,
880, 3, 0, 0<, 3, Lower, Real<, 883, 0, 0, 0<, 3, Lower, Real<<

ì Calculations

Timing[PToQ[SystemFromDirectEnumeration[p$1,
   phi$Max,fphi$1,pprob$1]]]

80.711 Second , 81, 0.99572 , 0.945531 , 0.708602 <<

Timing[PToQ[SystemFromLBPInclusionExclusion[p$1,
   lbps$1,fphi$1,pprob$1]]]

80.12 Second , 81, 0.99572 , 0.945531 , 0.708602 <<

Timing[InclusionExclusionBoundsFromLBP[p$1,
   lbps$1,fphi$1,pprob$1,3]]

80.1 Second , 81, 8-0.0407177 , 1.19742 <, 80.47854 , 1.01324 <,
80.654976 , 0.711459 <<<



Timing[InclusionExclusionBoundsFromLBP[p$1,
   lbps$1,fphi$1,pprob$1,2]]

80.08 Second ,

81, 8-0.0407177 , 2.7572 <, 80.47854 , 2.05417 <, 80.654976 , 1.03153 <<<

ì Interpretation

Note that, in this case, obtaining the system state probabilities from direct enumeration was the 

most time consuming, obtaining this information from the lower boundary points was faster, and 
obtaining only bounds on the system state values was faster yet.  The less the precision of the 

bounds desired, the faster the calculation.



The DynamicModels Package

È General Comments and Definitions

In general, these function use finite-state, continuous time Markov chain methods to perform dynamic

modelling for discrete systems.  They are of little or no value for continuous or mixed components or

systems.  Functions beginning with the letters "PDP" are essentially assuming a non-repairable system

that begins in its maximal state.  Functions beginning with the letters "CTMC" are for general 

continuous-time, finite-state Markov chains, and may represent repairable behavior.  Development of

the CTMC functions follows the discussion in System Reliability Theory by Arnljot Hoyland and 

Marvin Rausand

È Function Documentation

ì PDPErlangian[M, val, t]

This function will return the p(i,t) values for a pure death process where the transition rates are all the

same and the system may transition only to the next lower state.  val is the value of the common 

transition rate, and t is the moment in time the solution is desired for.  val and/or t may be symbolic or

constant; constant values will produce a simplified solution.  M must be a positive integer, however. 

What is returned is a list containing the probability (as a function of t) of being in any of the M+1 

states, starting with the lowest state and progressing to the highest (best) state.  If one has a fphi 

vector of length M+1, it can be merged with the result of this calculation to form a complete system 

matrix, using SystemMatrix[fphi,ans].  It is assumed that the system begins in its maximal state.

pdpe1=PDPErlangian[1, L, t]

81 - E-L t, E-L t<



Plot[Evaluate[pdpe1 /. L->2], {t, 0, 2},

   PlotLabel->"PDPErlangian[1,2,t]",

   AxesLabel->{"t","P(i,t)"},

PlotRange >{0 1}]

0.5 1 1.5 2
t

0.2

0.4

0.6

0.8

1
PHi,tL PDPErlangian@1,2,tD

û Graphics  û

pdpe5 = PDPErlangian[5, L, t]
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Plot[Evaluate[pdpe5 /. L->5], {t, 0, 2},
   PlotLabel->"PDPErlangian[5,2,t]",
   AxesLabel->{"t","P(i,t)"},
   PlotRange->{0,1}]
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As was the case with the previous graph for this function, the curve which begins as P(i,0)=1 is the 
probability of being in the maximal state, as a function of time. The curve which approaches 1 as 
t->Infinity is the probability of being in the minimal state as a function of time. The other curves 

are intermediary states.

PDPErlangian[5, 2, 4] // N

80.900368 , 0.0572523 , 0.0286261 , 0.0107348 , 0.0026837 , 0.000335463 <

Exact values may be obtained immediately, if symbolic solutions are not desired.

Plus @@ PDPErlangian[10, L, t]

1

Note that the sum of the probabilities of being in any given state is 1.



SystemMatrix[Range[0,3],PDPErlangian[3, L, t]]
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ì PDPAdjacent[mulist,t]

This function will return the p(i,t) values for a pure death process which begins in the maximal 
state and which may make transitions only to the next lower state.  mulist is a list consisting of 

{m10, m21, ..., mM,M-1}, where mij is the transition rate between state i and state j.  Note that for 
a system of this type there will be one more system state than there are elements in mulist.  It is 

assumed that the elements of mulist are all different.  If you give real values for the mulist 
elements, the calculation will be greatly simplified.  The data is returned in the same form they are 

for PDPErlangian.

pdpatest =  PDPAdjacent[{L1,L2,L3},t]
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Plot[Evaluate[pdpatest /. {L1->1, L2->2, L3->3}],
       {t, 0, 4},
   PlotLabel->"PDPAdjacent[{1,2,3},t]",
   AxesLabel->{"t","P(i,t)"},
   PlotRange->{0,1}]
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The curve which begins as P(i,0)=1 is the probability of being in the maximal state, as a function 
of time. The curve which approaches 1 as t->Infinity is the probability of being in the minimal 

state as a function of time. The other curves are intermediary states.

PDPAdjacent[{1,2,3},1] // N

80.25258 , 0.440988 , 0.256645 , 0.0497871 <



(PDPAdjacent[{L1,L2,L3},t] /.
    {L1->1, L2->2, L3->3, t->1}) ==
  PDPAdjacent[{1,2,3},1]

True

Numerical results may of course also be obtained, as was the case for the previous function.

ì PDPNonAdjacent[M,mu,t]

This function returns the general form of a pure-death process’s p(i,t) expressions when it is 
assumed that the system may transition to ANY lower state.  As this calculation is entirely 

symbolic it can take large amounts of time to calculate and produce quite complicated ouput.  The 
transition rates in this function are assumed to be distinct.  mu is the variable name which will 

form the basic tag to which subscripts will be attached to identify transisition rates; it may not be a 
real number, but must be a symbol.  In general, mu[i,j] is the transition rate from state i to state j, 
where M is the maximal state and 0 is the minimal state.  The parameter t (for time) may be 

symbolic, or a real number, as desired.  If anything is known about the system transition matrix 
(such as the real values for the transition rates), CTMCStateProbabilities[] will produce a much 

faster solution and should be used instead.  It is assumed here that the system has M+1 states.  For 
PDPNonAdjacent, M has a maximum value of 19.



PDPNonAdjacent[2,L,t]
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ì CTMCStateProbabilities[matrix,t,initialstate:maximal]

This function will fine the expressions for the p(i,t) values for a continuous-time, finite-state 

Markov chain which begins in state initialstate (one of 0, 1, 2, ..., M).  This function may be used 
to represent repairable systems, and represents the most general solution to this type of problem 
(PDPErlangian[], PDPAdjacent[], and PDPNonAdjacent[] are all special cases of this technique).  

If initialstate is not specified, then the maximal state is assumed.  The parameter for time is 
assumed to be t.  The parameter matrix is the state transisition matrix.  This matrix is such that the 

current state is the column number-1 (with 0 on the extreme left) and the next state is the row 
number-1 (with 0 on the top).  As with all matrix matrices that are used as input in this package, 

the diagonal elements of the transition matrix (i.e. the rate of transition between each state and 
itself) does not need to be specified (and in this development may be replaced by 0 values, if 

desired).  The form of the solution is the same as that for all the "PDP" functions (a list of 
probabilities of the system being in each state, from the minimal state to the maximal state, as a 

function of time).  t may of course be either symbolic or numerical.  matrix may also be symbolic 
or numerical, although answers will certain be returned more rapidly if matrix is numerical.

(sampmat1  = {{0,  lambda},
             {mu,       0}}) // MatrixForm

J 0 lambda

mu 0
N

CTMCStateProbabilities[sampmat1,t]

9lambda J E-Hlambda+muL t

��������������������������������������
-lambda - mu

+
1

����������������������������������
lambda + mu

N,
E-Hlambda+muL t lambda
��������������������������������������������������������

lambda + mu
+

mu
����������������������������������
lambda + mu

=

Note that this was a two-state repairable system, with the transition rate from the maximal state to 
the minimal state being lambda, and the transition rate from the minimal state to the maximal state 

being mu.



(sampmat2  = {{0,     0, 2.1},
              {0,     0, 1.3},
              {2.9, 3.2,   0}}) // MatrixForm

i

k

jjjjjjj
0 0 2.1

0 0 1.3

2.9 3.2 0

y

{

zzzzzzz

sampmat2p=CTMCStateProbabilities[sampmat2,t] //
  Simplify // Chop

80.339909 - 0.3152 E-6.42108 t - 0.0247091 E-3.07892 t,

0.190693 - 0.213297 E-6.42108 t + 0.0226039 E-3.07892 t,

0.469398 + 0.528497 E-6.42108 t + 0.00210525 E-3.07892 t<

Plot[Evaluate[sampmat2p], {t, 0, 1},
     PlotLabel->"CTMCStateProbabilities[sampmat2,t]",
     AxesLabel->{"t","P(i,t)"},
     PlotRange->{0,1}]
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Note that these solutions contain a transient portion to the solution, which decays to 0 as t 

approaches Infinity.  The asymptotic solution may be abtained with 
CTMCSteadyStateProbabilities[].

(sampmat1b  = {{0, L, 0, 0},
               {0, 0, L, 0},
               {0, 0, 0, L},
               {0, 0, 0, 0}}) // MatrixForm

i

k

jjjjjjjjjjj

0 L 0 0

0 0 L 0

0 0 0 L

0 0 0 0

y

{

zzzzzzzzzzz



Simplify[CTMCStateProbabilities[sampmat1b,t]] ==
   Simplify[PDPErlangian[3,L,t]]

True

We illustrate with the sampmat1b example above, that CTMCStateProbabilities incorporates the 

functionality of PDPErlangian as a special case.

(sampmat1c  = {{0, 1, 0, 0},
               {0, 0, 2, 0},
               {0, 0, 0, 3},
               {0, 0, 0, 0}}) // MatrixForm

i

k

jjjjjjjjjjj

0 1 0 0

0 0 2 0

0 0 0 3

0 0 0 0

y

{

zzzzzzzzzzz

Simplify[CTMCStateProbabilities[sampmat1c,t]] ==
   Simplify[PDPAdjacent[{1,2,3},t]]

True

We illustrate with the sampmat1c example above, that CTMCStateProbabilities incorporates the 
functionality of PDPAdjacent as a special case.

(sampmat1d  = {{0, L[1,0], L[2,0]},
               {0,      0, L[2,1]},
               {0,      0,      0}}) // MatrixForm

i

k

jjjjjjj
0 L@1, 0D L@2, 0D
0 0 L@2, 1D
0 0 0

y

{

zzzzzzz

CTMCStateProbabilities also incorporates the functionality of PDPNonAdjacent as a special case.  

CTMCStateProbabilities[sampmat1d,t] could be compared to PDPNonAdjacent[2,L,t] (for 
example) to illustrate this.

ì CTMCMeanAbsorptionTimes[matrix,absorbingstates,initialstate:maximal
]

This function will return the mean times to absorption in the given absorbing states, when the 
system begins in state initialstate.  There must be at least one absorbing state either specified in the 

absorbingstates list, or already present in the transition matrix (identifiable through a zero 
column).  It is assumed that the initial state is not an absorbing state.  As this function is 

discerning the mean time to absorption in ANY absorbing state, it returns one number representing 
that mean time.  As usual, matrix may be symbolic or numerical.



(sampmat3  = {{0, L, 0},
              {0, 0, 2L},
              {0, M, 0}}) // MatrixForm

i

k

jjjjjjj
0 L 0

0 0 2 L

0 M 0

y

{

zzzzzzz

sampmat3mat = CTMCMeanAbsorptionTimes[sampmat3] //
   Simplify

3 L + M
�������������������
2 L2

Plot3D[sampmat3mat, {L, 1, 3}, {M, 1, 3},
   PlotLabel->"CTMCMeanAbsorptionTimes[sampmat3]",
   AxesLabel->{"L","M","MA Time"}]
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ì CTMCSteadyStateProbabilities[matrix]

Thus function will return the steady-state values for the probabilities of being in each state as a 

function of time.  It returns this inforation in the same form that its non-steady-state equivalent, 
CTMCStateProbabilities[], does.

CTMCSteadyStateProbabilities[sampmat1] // Simplify

9 lambda
����������������������������������
lambda + mu

,
mu

����������������������������������
lambda + mu

=



sampmat2ps = CTMCSteadyStateProbabilities[sampmat2]

80.339909 , 0.190693 , 0.469398 <

Please see CTMCStateProbabilities for the definitions of sampmat1 and sampmat2

Plot[Evaluate[sampmat2p-sampmat2ps], {t, 0, 2},
 PlotLabel->
  "Differences Between Steady State and True Values",
 AxesLabel->{"t",""}]
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ì CTMCMeanArrivals[matrix]

Thus function will return the expected number of visits ("visits" means arrivals into that state, 
which is equal to departures from that state) for each state per unit time over a long period of time 

in steady state.  This expression returns meaningful values when there are no absorbing states.

(sampmat4  = {{ 0, L1, L2,  0},
              {M1,  0,  0, L2},
              {M2,  0,  0, L1},
              { 0, M2, M1,  0}}) // MatrixForm
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0 L1 L2 0

M1 0 0 L2

M2 0 0 L1

0 M2 M1 0

y
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CTMCMeanArrivals[sampmat4] // Simplify

9 L1 L2 HM1 + M2L
�������������������������������������������������������HL1 + M1L HL2 + M2L ,

L2 M1 HL1 + M2L
�������������������������������������������������������HL1 + M1L HL2 + M2L ,

L1 HL2 + M1L M2
�������������������������������������������������������HL1 + M1L HL2 + M2L ,

HL1 + L2L M1 M2
�������������������������������������������������������HL1 + M1L HL2 + M2L =

ì CTMCStayDurations[matrix]

Thus function will return the expected duration of a stay in each state in steady state.  It returns 

meaningful answers when there are no absorbing states.

CTMCStayDurations[sampmat4]

9 1
���������������������
M1 + M2

,
1

���������������������
L1 + M2

,
1

���������������������
L2 + M1

,
1

���������������������
L1 + L2

=



The Distributions Package

È General Comments and Definitions

This package is designed to provide access to a variety of distributions (in the form of PDF’s, CDF’s,

and R’s, and SYS matrices) that will assist in stochastic modelling for binary, multistate, continuous,

and mixed systems.  A few additional functions are included which will help set the parameters 

properly for the Gamma and Weibull distributions, when they are being used as U[t] (lifetime 

weighting) functions.  These last two functions begin with the words "CustomerLimits".  Functions 

which contain "SYS" as a suffix (and FnEstimate) will return SYS matrices.  Functions which contain

"PDF" as a suffix or which begin with a lower case "p"  will return a PDF for a purely continuous 

distribution (the distinction here is that the "p"  PDF’s are for random variables with a range 

[0,Infinity], while the "PDF" PDF’s are for random variables with a range [min,max], where min and

are both finite).  Functions which contain the suffix "CDF" will return general CDF’s (functions, rather

than matrices).  Functions that begin with a lower case "r" are 1-CDF for the same set of distributions

th t h th " " fi

È Function Documentation

To save space, plots are not shown for these distributions.  Any distribution may be plotted by 

Mathematica, with any value for its parameters.  The following command, for example, graphs the 

Log-Normal distribution (pdln) with a mu of 3 and a sigma of 1.



Plot[pdln[3,1,t], {t,0,30}, PlotLabel->"pdln[3,1,t]",

AxesLabel->{"x","F[x]"}]
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ì rdc[n,t]

This function will return R(t) where the distribution is Chi with n degrees of freedom.

rdc[n,t]

1 - GammaRegularized A n
�����
2
, 0,

t2
��������
2
E

ì rdcs[n,t]

This function will return R(t) where the distribution is Chi-Square with n degrees of freedom.

rdcs[n,t]

1 - GammaRegularized A n
�����
2
, 0,

t
�����
2
E

ì rde[lambda,t]

This function will return R(t) where the distribution is Exponential with n degrees of freedom.



rde[lambda,t]

E-lambda t

ì rdfr[n1,n2,t]

This function will return R(t) where the distribution is F with n1 and n2 degrees of freedom.

rdfr[n1,n2,t]

1 - BetaRegularized A n2
��������������������������
n2 + n1 t

, 1,
n2
���������
2

,
n1
���������
2

E

ì rdg[alpha,beta,t]

This function will return R(t) where the distribution is Gamma with parameters alpha and beta.

rdg[alpha,beta,t]

1 - GammaRegularized Aalpha, 0,
t

���������������
beta

E

ì rdhn[theta,t]

This function will return R(t) where the distribution is Half-Normal with parameters theta.

rdhn[theta,t]

1 - ErfA t theta
������������������������!!!p E

ì rdln[mu,sigma,t]

This function will return R(t) where the distribution is Log-Normal with parameters mu and sigma.



rdln[mu,sigma,t]

1 +
1
�����
2
i
kjjj-1 - ErfA -mu + Log@tD

���������������������������������������!!!
2 sigma
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ì rdncs[n,lambda,t]

This function will return R(t) where the distribution is Non-Central Chi Square with parameters n 

and lambda.

rdncs[n,lambda,t]

1 - 2-n�2

È
0

t

E
1
�����2 H-lambda -t1L t1-1+ n

�����2 Hypergeometric0F1Regularized A n
�����
2
,

lambda t1
������������������������������

4
E 

Êt1

ì rdnfr[n1,n2,lambda,t]

This function will return R(t) where the distribution is Non-Central F with parameters n1, n2, and 

lambda.

rdnfr[n1,n2,lambda,t]

1 -
i
k
jjjE-lambda �2 n1n1�2 n2n2�2 GammaA n1
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2

E
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LaguerreL A n2
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JBetaA n1
���������
2

,
n2
���������
2

E GammaA n1 + n2
���������������������

2
EN

ì rdr[sigma,t]

This function will return R(t) where the distribution is Rayleigh with parameter sigma.



rdr[sigma,t]

E
-

t2
���������������������������

2 sigma2

ì rdw[alpha,beta,t]

This function will return R(t) where the distribution is Weibull with parameter alpha and beta.

rdw[alpha,beta,t]

E-H
t

���������������beta L
alpha

ì rdu[max,t]

This function will return R(t) where the distribution is Uniform, between 0 and max.

rdu[max,t]

1 +
1
�����
2
J-1 +

Hmax - tL Sign@max - tD
��������������������������������������������������������������������

max
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t Sign@tD
������������������������������
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N

ì pdc[n,t]

This function will return f(t) where the distribution is Chi with n degrees of freedom.

pdc[n,t]

21-
n
�����2 E-

t2
���������2 t-1+n

������������������������������������������
Gamma@ n����

2
D

ì pdcs[n,t]

This function will return f(t) where the distribution is Chi-Square with n degrees of freedom.

pdcs[n,t]

2-n�2 E-t�2 t-1+ n
�����2

��������������������������������������������
Gamma@ n����

2
D

ì pde[lambda,t]

This function will return f(t) where the distribution is Exponential with n degrees of freedom.



pde[lambda,t]

E-lambda t lambda

ì pdfr[n1,n2,t]

This function will return f(t) where the distribution is F with n1 and n2 degrees of freedom.

pdfr[n1,n2,t]

n1n1�2 n2n2�2 t-1+ n1
���������2 Hn2 + n1 tL 1

�����2 H-n1-n2L
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Beta@ n1������

2
, n2������

2
D

ì pdg[alpha,beta,t]

This function will return f(t) where the distribution is Gamma with parameters alpha and beta.

pdg[alpha,beta,t]

beta -alpha E-

t
���������������beta t-1+alpha

��������������������������������������������������������������������
Gamma@alphaD

ì pdhn[theta,t]

This function will return f(t) where the distribution is Half-Normal with parameters theta.

pdhn[theta,t]

2 E-

t2 theta2
������������������������������

p theta
�������������������������������������������������

p

ì pdln[mu,sigma,t]

This function will return f(t) where the distribution is Log-Normal with parameters mu and sigma.



pdln[mu,sigma,t]

E
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H-mu+Log@tDL2
��������������������������������������������

2 sigma2
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ì pdncs[n,lambda,t]

This function will return f(t) where the distribution is Non-Central Chi Square with parameters n 
and lambda.

pdncs[n,lambda,t]

2-n�2 E
1
�����2 H-lambda -tL t-1+ n

�����2 Hypergeometric0F1Regularized A n
�����
2
,

lambda t
���������������������������

4
E

ì pdnfr[n1,n2,lambda,t]

This function will return f(t) where the distribution is Non-Central F with parameters n1, n2, and 
lambda.

pdnfr[n1,n2,lambda,t]

1
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ì pdr[sigma,t]

This function will return f(t) where the distribution is Rayleigh with parameter sigma.

pdr[sigma,t]

E
-

t2
���������������������������

2 sigma2 t
�����������������������������
sigma 2

ì pdw[alpha,beta,t]

This function will return f(t) where the distribution is Weibull with parameter alpha and beta.



pdw[alpha,beta,t]

alpha beta -alpha E-H
t

���������������beta L
alpha

t-1+alpha

ì pdu[max,t]

This function will return f(t) where the distribution is Uniform, between 0 and max.

pdu[max,t]

Sign@tD - Sign@-max + tD
��������������������������������������������������������������������������

2 max

ì BinaryCDF[x,p]

This function will return the probability of a component or system being in or below the given 
state x, given that its allowable states are {0,1}, and that the probability of the unit being in state 1 

is p.  For this function, the techniques of making the parameters functions of time, plotting, etc. 
will be demonstrated.  The techniques will work in the same way for all functions in that package 

with a suffix "CDF", and may not be demonstrated anew for each subsequent function.

BinaryCDF[1/2,3/4]

1
�����
4

BinaryCDF[-1,3/4]

0

BinaryCDF[1,3/4]

1



Plot[BinaryCDF[x,3/4],{x,-0.2,1.2},
     PlotLabel->"BinaryCDF[x,3/4]",
     AxesLabel->{"x","F[x]"},
     PlotRange->{0,1}]
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bincdf=BinaryCDF[x,rde[1,t]];

Plot[bincdf /. t->0,{x,-0.2,1.2},
   PlotLabel->"BinaryCDF[x,rde[1,0]]",
   AxesLabel->{"x","F[x]"},
   PlotRange->{0,1}]
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Plot[bincdf /. t->1,{x,-0.2,1.2},
   PlotLabel->"BinaryCDF[x,rde[1,1]]",
   AxesLabel->{"x","F[x]"},
   PlotRange->{0,1}]
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ì MultistateCDF[x,sys]

This function will return the probability of a component or system being in or below the given 
state x, given that its allowable states are as given by sys (a regular multistate system matrix).  

Depending on how sys is defined, the domain of the random variable in question is not necessarily 
[0,1].

multsys=SystemMatrix[Range[0,3]/3,PDPErlangian[3,2,t]]

980, 1 - E-2 t - 2 E-2 t t - 2 E-2 t t2<, 9 1
�����
3
, 2 E-2 t t2=, 9 2

�����
3
, 2 E-2 t t=,

81, E-2 t<=

Note that in the sys matrix defined above, the state values are not necessarily integers.  In general, 

in RelPack, one is allowed to and encouraged to specify state values for components and systems 
that are reflective of the customer satisfaction associated with each level, rather than state values 

which reflect only the ordinal number of that state.  When one specifies a system state as a 
parameter input to a function, in general one specifies the actual state value rather than its ordinal 

number.  The approach (philosophically) with RelPack is that the binary system states are not 0,1 
because 1 is the first integer above 0, but rather because 0 represents 0% customer satisfaction and 
1 represents 100% customer satisfaction.  Thus, for most RelPack work, the state values may (and 

should) be non-integers, with a maximal value of 1 and a minimal value of 0 (these maximal and 
minimal values are common defaults for many functions).



MultistateCDF[1/2,multsys]

1 - E-2 t - 2 E-2 t t

multsys[[1,2]]+multsys[[2,2]] ==
   MultistateCDF[1/2,multsys]

True

multsys
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81, E-2 t<=
Plot[MultistateCDF[x,multsys] /. t->1,{x,-0.2,1.2},
   PlotLabel->"MultistateCDF[x,multsys] - t=1",
   AxesLabel->{"x",""},
   PlotRange->{0,1}]
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ì CountableInfinityCDF[x,mmadist]

This function will accept either GeometricDistribution[p] or NegativeBinomialDistribution[n,p] or  

PoisonDistribution[mu] and map the states of discrete distributions into the range [0,1], returning a 
CDF reflecting this new distribution.  Note that one’s choices for "mmadist" in this case are limited 

to those in the Statistics‘DiscreteDistributions‘ standard Mathematica package.

cicdf = CountableInfinityCDF[x,PoissonDistribution[2]];



Plot[cicdf,{x,-0.2,1.2},
   PlotLabel->
      "CountableInfinityCDF[x,PoissonDistribution[2]]",
   AxesLabel->{"x",""},
   PlotRange->{0,1}]
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ì UniformCDF[x]

This function will return the probability of a uniformly distributed continuous random variable 
being less than or equal to x, where the domain of the random variable is [0,1].

UniformCDF[1/2]

1
�����
2



Plot[UniformCDF[x],{x,-0.2,1.2},
   PlotLabel->"UniformCDF[x]",
   AxesLabel->{"x","F[x]"},
   PlotRange->{0,1}]
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ì TriangularCDF[x, a:1/2]

This function will return the probability that a unit is in or below the given state x, given that the 
distribution in question is triangular on the domain [0,1], and that the mode of that distribution is a.



Plot[TriangularCDF[x,1/2],{x,-0.2,1.2},
   PlotLabel->"TriangularCDF[x,1/2]",
   AxesLabel->{"x","F[x]"},
   PlotRange->{0,1}]
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ì NonTruncatedCDF[x, mmadist]

This function will return the probability of being in or below the given state x, for a distribution 
that has been scaled to lie in [0,1].  This is distinguised from TruncatedCDF, in that 

TruncatedCDF takes the probability of being in or above state 1 and adds that to the probability of 
being in state 1, and takes the probability of being in or below state 0 and adds that to the 

probability of being in state 0.  NonTruncatedCDF linearly scales the CDF so that the probabilities 
of being outside of [0,1] are even applied throughout [0,1].  Note that mmadist may be any 

Mathematica distribution, discrete or continuous.  However, if a discrete distribution is used, it 
should have at least some possible values in the range [0,1].



Plot[NonTruncatedCDF[x,ExponentialDistribution[2]],
 {x,-0.2,1.2},
 PlotLabel->"NonTruncatedCDF[x,ExponentialDistribution[2]]",
 AxesLabel->{"x",""},
 PlotRange->{0,1}]
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ì UniformMixedCDF[x, li:0, ui:0]

This function returns the probability of a system being in or below the given state x, given that its 
allowable states are [0,1], the probability of the system being in state 1 is ui, the probability of the 

system being in state 0 is li, and the probabilities of being in any state in (0,1) are governed by a 
uniform continuous distribution.



Plot[UniformMixedCDF[x, 1/8, 1/4], {x,-0.2,1.2},
   PlotLabel->"UniformMixedCDF[x, 1/8, 1/4]",
   AxesLabel->{"x",""},
   PlotRange->{0,1}]
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ì TruncatedCDF[x, mmadist]

See NonTruncatedCDF for a discussion of this TruncatedCDF, and for a discussion of the 
differences between TruncatedCDF and NonTruncatedCDF.



Plot[TruncatedCDF[x,ExponentialDistribution[2]],
   {x,-0.2,1.2},
   PlotLabel->
    "TruncatedCDF[x,ExponentialDistribution[2]]",
   AxesLabel->{"x",""},
   PlotRange->{0,1}]
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ì UniformPDF[x, min:0, max:1]

This function will return the PDF for a uniform continuous random variable which has the domain 
[min, max].



Plot[UniformPDF[x], {x,-0.2,1.2},
   PlotLabel->"UniformPDF[x]",
   AxesLabel->{"x","F[x]"}]
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ì TriangularPDF[x, a:1/2, min:0, max:1]

This function will return the PDF for a triangular random variable with mode a, and domain 
[min,max].



Plot[TriangularPDF[x, 3/4], {x,-0.2,1.2},
   PlotLabel->"TriangularPDF[x, 3/4]",
   AxesLabel->{"x","F[x]"}]
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ì BernoulliSYS[p]

This function will return the SYS multistate system for a Bernoulli random variable which is in 
state 1 with probability p and state 0 with probability (1-p).  Essentially, this is the same random 

variable as BinaryCDF, but is returned in SYS form rather than CDF form.

BernoulliSYS[rde[2,t]]

880, 1 - E-2 t<, 81, E-2 t<<

ì UniformDiscreteSYS[n]

This function will return the multistate SYS system for a discrete random variable which has n 
discrete outcomes, each of which is equally likely, and where the events are evenly spaced in [0,1].



UniformDiscreteSYS[5]
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ì BinomialSYS[n,p]

This function will return the multistate SYS system for a discrete random variable with the 

Binomial distribution, where the states have been mapped into [0,1].

BinomialSYS[5,1/3]
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ì HypergeometricSYS[n,nsucc,notot]

This function will return the multistate SYS system for a discrete random variable with the 
Hypergeometric distribution (parameters n, nsucc, notot), where the states have been mapped into 

[0,1].

HypergeometricSYS[2,3,5]
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ì FnEstimate[list]

This function will return the SYS multistate system which is empirically found based on the list of 
data contained in list.  The resulting sys system can then be used as a sys matrix, or passed to 

MultistateCDF[x, sys] to form a true CDF.

list = Table[Random[], {100}];

empcdf = MultistateCDF[x,FnEstimate[list]];



Plot[empcdf // Evaluate,{x,-0.2,1.2},
   PlotLabel->"Empirical CDF",
   AxesLabel->{"x","F[x]"}, PlotRange->{0,1}]
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The following is an example of how one would create a multistate system which is based on time 
based data taken over time.  The data is in the form of the state of each of a series of items on test 

in one list, with one list every time interval dt for the duration of the test.

TestSYS[t_ /; NumberQ[t]] := With[{
      test={{1, 1, 1}, {0.8, 0.9, 0.7}, 
            {0.6, 0.6, 0.5}, {0.3, 0.4, 0.2}},
      dt=1/2},
    FnEstimate[test[[Floor[t/dt]+1]]]]

sys5 = TestSYS[t];

One would invoke this construction in a manner as follows:

sys5 /. t->1
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ì FnEstimateVar[list]

This function will return the variance of the FnEstimate estimate of a random variable X, based on 
the input of n sample data poits  to FnEstimate.  It is an upper bound, independent of x.



FnEstimateVar[list]
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ì CustomerLimitsGamma[m, x:1/2, a:0, b:m]

This function will return the pair of arguments which should be passed to GammaDistribution, if 

one wishes to have a distribution with mode m and the fraction x of the total area underneath the 
PDF curve to lie between b and a.  The motivation here is that, in creating U[t] lifetime weighting 

functions, it would be more natural for the customer to specify the mode than the mean for the 
function (which is assumed to take the form of some PDF).  For most PDFs, knowing the mode 

uniquely specifies the necessary parameters for the distribution.  However, this is not the case for 
the Gamma and Weibull distributions (for example).  To pin down all the parameters in these 
cases, these functions will allow the customer to specify the mode as well as CDF value at some 

point.  An optimization routine then attempts to discover the appropriate parameters.  Note that it 
is possible to specify problems for which there is no feasible solution.

CustomerLimitsGamma[8, 0.37]

84.92397 , 2.03875 <



Plot[PDF[GammaDistribution[4.92397,2.03875],x],
     {x,0,12},
   PlotLabel->"GammaDistribution[4.92397,2.03875]",
   AxesLabel->{"x","F[x]"}]
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ì CustomerLimitsWeibull[m, x:1/2, a:0, b:m]

Please see CustomerLimitsGamma for further discussion of this function.  This function considers 
the Weibull distribution rather than the Gamma, but in all other respects is the same.  Please keep 

in mind again that it is possible to specific infeasible parameters to this function.

CustomerLimitsWeibull[2.16, 0.027, 0, 1/2]

81.18271 , 10.4775 <



Plot[PDF[WeibullDistribution[1.18271,10.4775],x],
         {x,0,4},
   PlotLabel->"WeibullDistribution[1.18271,10.4775]",
   AxesLabel->{"x","F[x]"}]
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Along the lines of discussing how to form different types of U[t] functions, the following is an 
illustration of how one would create a U[t] function which is a mixture of a variety of CDF’s and 

displacements of CDF’s.  Note that the last PDF in the set of three that define CustomerU is shifted 
to the right by three time units.  Building functions in this way is a good way to account for cyclic 

and projected demands.

CustomerU[t_] := (TriangularPDF[t,5,4,7] +
                  PDF[UniformDistribution[0,3],t] +
                  PDF[GammaDistribution[2,2],t-3])/3



Plot[CustomerU[t],{t,0,18}, PlotLabel->"CustomerU[t]",
   AxesLabel->{"t",""}]
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NIntegrate[CustomerU[t], {t, 0, Infinity},
   AccuracyGoal->3]

1.00006



The Measures Package

ì General Comments and Definitions

This package contains functions which will calculate various reliability measures based on 

information about the stochastic behavior of the system or component under consideration.  Some 

functions accept this input in the form of "SYS" matrices (for discrete systems), and some functions 

accept this input in the form of "CDF" functions (for continuous and mixed systems, and for components

of discrete systems that are specified by CDF only so as to retain full generality should other 

components be non-discrete).  As it is clear from the information in the parameter list for each function

whether it is exclusively discrete or not, this will not generally be commented on in the documentation

for each function

As usual, SYS is in the form {{phi_0, P[phi=phi_0]}, {phi_1, P[phi=phi_1]}, ..., {phi_M, 

P[phi=phi_M]}.  As usual, it is assumed that none of of the phi_i are the same, and that they are given

(with their associated probabilities) in ascending order (i.e. they are listed from worst to best from the

point of the customer).  As usual, both SYS matrices and CDF’s may be functions of time, and there are

many dynamic measures in this package that integrate or similarly consider the changing behavior over

time

There are only two functions in this package which do not take either SYS or CDF as input.  The first

is ContinuousEntropy, which takes takes a PDF and is valid only for completely continuous 

distributions.  The second is ChebyshevUB, does not use distributions of any kind (only the variance

information).

Many of the discrete functions involving integration allow the user to pass the function in question a 

final parameter ni, which must be either True or False.  If the parameter is False or omitted, then the 

regular symbolic calculation is attempted.  If only a numerical result is desired, then much computation

time can be saved by setting this value equal to True.

One point should be made quite strongly.  When one may specify the distribution of a component or 

system through its CDF in this package, one may pass a CDF which is mixed (i.e. has both continuous

and discrete behavior, and appears as a continuous CDF with periodic "jumps" at the points of dicrete

behavior).  This was deemed important to the study of continuous systems, as by simple reason a 

system which is non-repairable should have a growing, non-zero probability of being in its minimal 

state.

Please note that these measures will operate on any list of states/probabilities (for SYS input) or 
CDF (for CDF input).  Whether those probabilities and states are states of a system, or states or 



subsystems, or states of components, is mostly immaterial.  Whenever one reads "system" in this 
document, one could think equivalently of "subsystem" or "component", as the case may be.

Throughout this document, we will make use of the same set of simple examples upon which to 

demonstrate the use of the different reliability measures.  The SYS example is one where there are 
four distinct states to the system, ranging from 0 (worst) to 1 (best).  This non-repairable system 

begins at t=0 in its best state, and spends a length of time in each state>0 governed by an 
exponential distribution, with parameter lambda=2, before moving to the next lower state.

sys=SystemMatrix[Range[0,3]/3,PDPErlangian[3,2,t]] //
    Simplify
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Here is a plot of the probabilities of this system being in any one of its states, as a function of time.

Plot[Evaluate[PDPErlangian[3,2,t]], {t, 0, 3},
   PlotLabel->"sys P(i,t) plots",
   AxesLabel->{"t","P(i,t)"},
   PlotRange->{0,1}]
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A series of continuous and mixed distributions will be defined, so as to have one at any given time 
that is appropriate for the example at hand.  The first is the cdf version of sys, and will be used to 

demonstrate that the cdf functions work equivalently with discrete systems.

cdfmult = MultistateCDF[x,SystemMatrix[Range[0,3]/3,
   PDPErlangian[3,2,t]]];



Plot[cdfmult /. t->1 // Evaluate, {x, -.2, 1.2},
   PlotLabel->"cdfmult F(x,1) plot",
   AxesLabel->{"x","F(x,1)"},
   PlotRange->{0,1}]
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cdfbeta = CDF[BetaDistribution[10,2],x];

Plot[cdfbeta, {x, 0, 1},
   PlotLabel->"cdfbeta F(x) plot",
   AxesLabel->{"x","F(x)"},
   PlotRange->{0,1}]
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Plot[PDF[BetaDistribution[10,2],x], {x, 0, 1},
   PlotLabel->"pdfbeta f(x) plot",
   AxesLabel->{"x","f(x)"}]
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Note that cdfbeta is a purely continuous distribution, that naturally has the range [0,1].  It has the 
following PDF:

pdfbeta = PDF[BetaDistribution[10,2],x]

110 H1 - xL x9

Now, we wish to define a mixed distribution.  Let us consider a normal distribution that is 

truncated to lie within the range [0,1].

cdftnorm=TruncatedCDF[x,NormalDistribution[5/6,1/10]];



Plot[cdftnorm, {x, 0, 1},
   PlotLabel->"cdftnorm F(x) plot",
   AxesLabel->{"x","F(x)"},
   PlotRange->{0,1}]
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Now, let’s define a mixed, dynamic distribution.

cdftnormd =
   TruncatedCDF[x,NormalDistribution[E^(-t),1/10]];



Plot3D[cdftnormd, {x,0,1}, {t,0,3},
   PlotLabel->"cdftnormd F[x,t] plot",
   AxesLabel->{"x","t",""}]
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È Function Documentation

ì ExpectedFnState[sys,f]

This function will return the expected value of a function f of the state of the sys system.

First, let’s define the transformation function f.

f[x_] := Log[x^3+1]/Log[2]



Plot[f[x], {x, 0, 1},
   PlotLabel->"f[x] Transformation Plot",
   AxesLabel->{"x","f[x]"}]
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ans1=ExpectedFnState[sys,f] // Simplify
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Plot[ans1, {t, 0, 2},
   PlotLabel->"ExpectedFnState[sys,f]",
   AxesLabel->{"t",""}]
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ans1 /. t->1 // N

0.250875

This may be compared to the simple expected value of the state of the system (see ExpectedState[])

To calculate the equivalent value for the mixed case, use the function StieltjesIntegral[f, cdf, {x, 

min, max}].  To calculate the equivalent value for the absolutely continuous case when the PDF 
g[x] is available, use Integrate[f[x] g[x], {x, -Infinity, Infinity}], or NIntegrate for a numerical 

approximation.
 

StieltjesIntegral[f[x],cdfmult /. t->1,{x},3]

0.251092

ì ExpectedState[sys]

This function will return the expected state of the system.  It has the range [min,max].

ans2=ExpectedState[sys] // Simplify
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Plot[ans2, {t, 0, 4},
   PlotLabel->"ExpectedState[sys]",
   AxesLabel->{"t",""}]
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ans2 /. t->1 // N

0.406006

ì CDFExpectedState[cdf, x, max:1]

This function will return the expected state of the system.  It has the range [min,max].  It is 

assumed that system state values are non-negative.

CDFExpectedState[cdfmult /. t->1, x]

0.406006

CDFExpectedState[cdfbeta, x]

0.833333

ì ExpectedOutput[sys,t,tstar,ni:False]

This function will return the integral of the expected state of the system over the product’s useful 
lifetime tstar.  ni is the flag for Numerical Integration (vs. Symbolic Integration, as mentioned at 

the beginning of this document).  This measure has the range [min*tstar, max*tstar].

ans3=ExpectedOutput[sys,t,tstar]

1 -
1
�����
3

E-2 tstar H3 + 3 tstar + tstar 2L



Plot[ans3, {tstar, 0, 4},
   PlotLabel->"ExpectedOutput[sys,t,tstar]",
   AxesLabel->{"tstar",""}]
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ans3 /. tstar->1 // N

0.684218

ì CDFExpectedOutput[cdf, x, t, tstar, max:1]

This is the equivalent of ExpectedOutput using the cdf.  Calculation of this measure can take 

significant amounts of time (especially for multistate CDFs), so if the component or system in 
question is indeed discrete, converting it to a SYS matrix and using ExpectedOutput would be 

preferable (though not TECHNICALLY necessary).

CDFExpectedOutput[cdftnormd,x,t,1]

0.629473



Plot[CDFExpectedOutput[cdftnormd,x,t,tstar],
    {tstar, 0, 1},
  PlotLabel->"CDFExpectedOutput[cdftnormd,x,t,tstar]",
  AxesLabel->{"tstar",""}]

0.2 0.4 0.6 0.8 1
tstar

0.1

0.2

0.3

0.4

0.5

0.6

CDFExpectedOutput@cdftnormd,x,t,tstarD

û Graphics  û

ì ExpectedTotalOutput[sys,t,ni:False]

This function returns the integral of the expected state of the system over all time.  It is the value 
which ExpectedOutput approaches.  Note that this measure will diverge for systems which are 

reparairable and have a non-zero steady-state, or for systems which have a non-zero minimum 
state.

ExpectedTotalOutput[sys,t]

1

ì CDFExpectedTotalOutput[cdf,x,t,max:1]

This function is the equivalent of ExpectedTotalOutput, but uses the CDF.  Calculation of this 

measure can require considerable amounts of time.

ì VarianceOfOutputUB[sys,t,tstar,ni:False]

This function will find the expression for the upper bound (using the Schwartz inequality) of the 

variance of the integral of the state of the system from time 0 to time tstar.  ExpectedOutput was 
the mean, rather than the variance, of this same value.



VarianceOfOutputUB[sys,t,1/8,True]

0.000219637

Plot[VarianceOfOutputUB[sys,t,tstar,True],
     {tstar, 0, 10},
   PlotLabel->"VarianceOfOutputUB[sys,t,tstar,True]",
   AxesLabel->{"tstar",""}]

2 4 6 8 10
tstar

0.2

0.4

0.6

0.8

1

VarianceOfOutputUB@sys,t,tstar,TrueD

û Graphics  û

ì CDFVarianceOfOutputUB[cdf, x, t, tstar, max:1]

This function is the equivalent of VarianceOfOutputUB in the mixed case.

CDFVarianceOfOutputUB[cdftnormd,x,t,1/4]

0.000478785

ì UpperStatesProbability[sys,j]

This function will return the probability of being in a state greater than or equal to j.  Note that this 
is not necessarily equal to 1-F[x] in the case of mixed systems.

UpperStatesProbability[sys,1/3] // Simplify

E-2 t H1 + 2 t + 2 t2L
(UpperStatesProbability[sys,#]& /@ 
   Transpose[sys][[1]]) // Simplify

81, E-2 t H1 + 2 t + 2 t2L, E-2 t H1 + 2 tL, E-2 t<



UpperStatesProbability[sys,1/3] /. t->1
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ì CDFUpperStatesProbability[cdf,x,j]

This function is the equivalent of UpperStatesProbability for cdfs.

CDFUpperStatesProbability[cdfbeta,x,7/8] // N

0.40808

CDFUpperStatesProbability[cdfmult /. t->1,x,1/3]
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ì StateDwellTime[sys,t,j,ni:False]

This function returns the time the system is expected to remain in the given state, assuming no 
cutoff time.  This measure may diverge for repairable systems, and for the minimal state of 

non-repairable systems.

StateDwellTime[sys,t,1]
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Prepend[(StateDwellTime[sys,t,#]& /@ 
   Transpose[sys][[1,{2,3,4}]]),Infinity]
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Note that, as expected, this measure diverges  for the lowest state of this non-repairable system.

ì CDFStateDwellTime[cdf, x, j, t]

This function is the equivalent of StateDwellTime for CDFs.



CDFStateDwellTime[cdfmult,x,1,t]

0.5

ì StateVariance[sys]

This function will return the variance of the system state.

StateVariance[sys] // Simplify
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Plot[StateVariance[sys], {t, 0, 5},
   PlotLabel->"StateVariance[sys]",
   AxesLabel->{"t",""}]
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The customer may be interested in the point in time at which the system variance is at a maximum.  

This may be easily found:

t /. FindMinimum[-StateVariance[sys],{t,0}][[2]]

0.898822



StateVariance[sys /. t->1] // N

0.120867

ì CDFStateVariance[cdf, x, max:1]

This function is the equivalent of StateVariance for CDFs.

CDFStateVariance[cdfmult /. t->1, x]

0.120639

ì LifetimeWeighted[sys, t, u, utotal:1, ni:False]

This function returns the lifetime-weighted reliability measure, given sys and the time weighting 

function U[t].  utotal is the value of the integral of U[t] from 0 to Infinity.  Note that lifetime 
weighting measures that expect this (non-repairable) system to perform well at large values of t 

produce smaller reliability measures, according to this scheme.

Plot[pdu[1,t], {t, 0, 1.2},
   PlotLabel->"pdu[1,t]",
   AxesLabel->{"t",""}]
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LifetimeWeighted[sys, t, pdu[1,t], 1, True]

0.684218



Plot[pde[2,t], {t, 0, 2}, PlotLabel->"pde[2,t]",
   AxesLabel->{"t",""}]
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LifetimeWeighted[sys, t, pde[2,t], 1] // N

0.708333

In this case, a general solution may be obtained.

LifetimeWeighted[sys, t, pde[lambda,t], 1] // FullSimplify

IfARe@lambda D > -2,
lambda H24 + 16 lambda + 3 lambda 2L
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3

E-2 t t2N ÊtE



Plot[pdln[3,1,t], {t, 0, 50}, PlotLabel->"pdln[3,1,t]",
   AxesLabel->{"t",""}]
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LifetimeWeighted[sys, t, pdln[3,1,t], 1, True]

0.00414178

Note that our measure for Reliability (and hence customer satisfaction) is much lower for this 

weighting function.  In general, the concept is that the weighting function U[t] should be 
proportional to the level of customer interest in the product (and hence, the degree to which 

performance of the product at that each point in time has the capacity to impact the customer’s life 
and satisfaction with the product).  The LogNormal curve above implies that the customer will be 

significantly affected by the behavior of the product at times far in the future.  Since this system is 
non-repairable, and has low expected system states for large values of time, it receives a very small 

value of the lifetime weighting function under that scheme.  The weighting functions Uniform and 
Exponential indicate (respectively) zero and very low levels of customer interest in the product at 

large values of t.  The lifetime weigting functions are much greater for those values (note that the 
maximum is 1, so these measures indicate 70% of the customer satisfaction that would be attained 
if the product never left its maximal state).  In general, any of the functions that begin with a lower 

case "p" that are defined in the Distributions‘ package would be good choices for U[t] functions, 
as they are all non-negative and are defined over the range [0, Infinity].  They will also all have a 

utotal of 1, so that need not be calculated.  Additionally, the Lifetime Weighting measure has an 
additional interpretation  in cases (such as this) when the U[t] function is the PDF of a random 

variable.

ì CDFLifetimeWeighted[cdf, x, t, u, utotal:1, max:1]

This function is the equivalent of LifetimeWeighted for CDFs.



CDFLifetimeWeighted[cdfbeta, x, t, pdu[1,t]]

0.833333

ì StateProbability[sys,j]

This function will return the probability of being in state j as a function of time.

(StateProbability[sys,#]& /@ 
   Transpose[sys][[1]]) // Simplify

8E-2 t H-1 + E2 t - 2 t - 2 t2L, 2 E-2 t t2, 2 E-2 t t, E-2 t<
StateProbability[sys /. t->1,1]

1
��������
E2

ì CDFStateProbability[cdf, x, x0:1]

This function is the equivalent of StateProbability for CDFs.

CDFStateProbability[cdfmult /. t->1, x]

1
��������
E2

ì UpperStatesDwellTime[sys,t,j,ni:False]

This function returns the time the system is expected to remain in states great than the given one, 

considering all time.  See StateDwellTime for more information.

UpperStatesDwellTime[sys,t,3/4]

1
�����
2

(UpperStatesDwellTime[sys,t,#]& /@ 
   Transpose[sys][[1]]) // Simplify

9 3
�����
2
, 1,

1
�����
2
, 0=

ì CDFUpperStatesDwellTime[cdf, x, j, t]

This function is the equivalent of UpperStatesDwellTime for CDFs.



CDFUpperStatesDwellTime[cdfmult, x, 3/4, t]

0.5

ì LowerStatesProbability[sys,j]

This function will return the probability of being in a state lower than the given one as a function 

of time.  Note that this is NOT equal to the CDF.

(LowerStatesProbability[sys,#]& /@ 
   Transpose[sys][[1]]) // Simplify

80, E-2 t H-1 + E2 t - 2 t - 2 t2L, E-2 t H-1 + E2 t - 2 tL, 1 - E-2 t<
LowerStatesProbability[sys,3/4]

1 - E-2 t

ì CDFLowerStatesProbability[cdf, x, j]

This function will return the probability of being in a state lower than the given one as a function 
of time.  Note that this is NOT equal to the CDF.

CDFLowerStatesProbability[cdfmult, x, 3/4]

1 - E-2 t

ì RangeStatesProbability[sys, j, k]

This function will return the probability of being in any state below or equal to k, but above j, 

where j<k.

RangeStatesProbability[sys, 0, 2/3]

2 E-2 t t + 2 E-2 t t2

ì CDFRangeStatesProbability[cdf, x, j, k]

This function is the equivalent of RangeStatesProbability for CDFs.



CDFRangeStatesProbability[cdfmult, x, 0, 2/3]

2 E-2 t t + 2 E-2 t t2

ì ExpectedLostOutput[sys, t, tstar, ni:False]

This function will return min*tstar-ExpectedOutput[sys,t,tstar].

ExpectedLostOutput[sys, t, tstar]

-1 + tstar +
1
�����
3

E-2 tstar H3 + 3 tstar + tstar 2L
Plot[ExpectedLostOutput[sys, t, tstar], {tstar, 0, 10},
   PlotLabel->"ExpectedLostOutput[sys, t, tstar]",
   AxesLabel->{"tstar",""}]
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ì ExpectedScaledOutput[sys,t,tstar,ni:False]

This function will return ExpectedOutput[sys,t,tstar]/tstar.

ExpectedScaledOutput[sys,t,tstar]

1 - 1����
3
E-2 tstar H3 + 3 tstar + tstar 2L

������������������������������������������������������������������������������������������������������
tstar



Plot[ExpectedScaledOutput[sys,t,tstar], {tstar, 0, 10},
   PlotLabel->"ExpectedScaledOutput[sys,t,tstar]",
   AxesLabel->{"tstar",""}]
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ì CDFExpectedScaledOutput[cdf, x, t, tstar, max:1]

This function is the equivalent of ExpectedScaledOutput for CDFs.

CDFExpectedScaledOutput[cdftnormd,x,t,1]

0.629473

ì StateStandardDeviation[sys]

This function returns the standard deviation of the state of the system.

StateStandardDeviation[sys]
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Plot[StateStandardDeviation[sys], {t, 0, 5},
   PlotLabel->"StateStandardDeviation[sys]",
   AxesLabel->{"t",""}]
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ì CDFStateStandardDeviation[cdf, x, max:1]

This function is the equivalent of CDFStateStandardDeviation for CDFs.

CDFStateStandardDeviation[cdfbeta,x]

0.103362

ì ExpectedSquaredSystemState[sys]

This function returns the expected value of the square of the system state.  To calculate this for 
CDFs, use the function CDFMoment[cdf, x, 2, max].

ExpectedSquaredSystemState[sys]

E-2 t +
8
�����
9

E-2 t t +
2
�����
9

E-2 t t2



Plot[ExpectedSquaredSystemState[sys], {t, 0, 3},
   PlotLabel->"ExpectedSquaredSystemState[sys]",
   AxesLabel->{"t",""}]
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ì DerivativeOfLSP[sys, t, j]

This function returns the time  derivative of the lower states probability function, for state j.

(DerivativeOfLSP[sys, t, #]& /@ 
   Transpose[sys][[1]]) // Simplify

80, 4 E-2 t t2, 4 E-2 t t, 2 E-2 t<
DerivativeOfLSP[sys, t, 1]

2 E-2 t



Plot[Evaluate[DerivativeOfLSP[sys, t, 1]], {t, 0, 3},
   PlotLabel->"DerivativeOfLSP[sys, t, 1]",
   AxesLabel->{"t",""}]

0.5 1 1.5 2 2.5 3
t

0.5

1

1.5

2

DerivativeOfLSP@sys, t, 1D

û Graphics  û

ì CDFDerivativeOfLSP[cdf, x, j, t]

This function is the equivalent of DerivativeOfLSP for CDFs.

CDFDerivativeOfLSP[cdfmult, x, 2/3, t]

4 E-2 t t

ì DegradationRate[sys,t,j]

This function will return the rate of degradation from states higher than or equal to j to states lower 
than j.  Please see also Hazard and CDFHazard, which may be of more general value than this 

function.

(DegradationRate[sys,t,#]& /@ 
   Transpose[sys][[1]]) // Simplify

90, 4 t2
������������������������������������
1 + 2 t + 2 t2

,
4 t
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DegradationRate[sys,t,2/3] // Simplify
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Plot[Evaluate[DegradationRate[sys,t,2/3]], {t, 0, 3},
   PlotLabel->"DegradationRate[sys,t,2/3]",
   AxesLabel->{"t",""}]
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ì Hazard[sys, t, j]

This function will return, for non-repairable systems and components, the rate of passing into or 
below state j given that the system is above state j at time t.

(Hazard[sys, t, #]& /@ 
   Transpose[sys][[1,{1,2,3}]]) // Simplify

9 4 t2
������������������������������������
1 + 2 t + 2 t2

,
4 t

�������������������
1 + 2 t

, 2=
Note that this measure does not exist for the maximal state, as there is no state above the maximal 

state.  Note that Hazard[sys, t, 1/3] = DegradationRate[sys,t,2/3].

Hazard[sys, t, 1/3] // Simplify

4 t
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1 + 2 t



Plot[Evaluate[Hazard[sys, t, 1/3]], {t, 0, 3},
   PlotLabel->"Hazard[sys, t, 1/3]",
   AxesLabel->{"t",""}]
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Hazard[sys, t, 1/3] /. t->1 // N

1.33333

ì CDFHazard[cdf, x, x0r, t, t0r, prec:$MachinePrecision]

This function is the equivalent of Hazard for CDFs.  It is for level x0r of functioning and at time 

t0r.  Greater precision can be obtained by increasing $MachinePrecision above its 
machine-dependent value (commonly 16).  An alternative version of this function, CDFHazardB, 

is available, which uses Mathematica’s own numerical differentiation routines.  In all other 
respects it is the same.  Tests seem to favor CDFHazard over CDFHazardB for all reliability 

problems attempted.

CDFHazard[cdfmult, x, 1/3, t, 1]

1.3333

This function will produce the ordinary binary Hazard function as a special case.  To do this, x0r 
should be set to 0, and cdf should be a binary cdf where the probability of being in state 1 is equal 

to the probability of the system you are considering being in state 1.

hazsys=BinaryCDF[x,rde[5,t]];



Plot[CDFHazard[hazsys, x, 0, t, t0r],{t0r, 0, 5},
   PlotLabel->"Exponential Binary Component, lambda=5",
   AxesLabel->{"t","h(t)"},
   PlotRange->{0,10}]
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ì DerivativeOfExpectedState[sys,t]

This function returns the derivative of the expected state of the system.

DerivativeOfExpectedState[sys,t] // Simplify
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E-2 t H1 + 2 t + 2 t2L



Plot[Evaluate[DerivativeOfExpectedState[sys,t]],
       {t, 0, 3},
   PlotLabel->"DerivativeOfExpectedState[sys,t]",
   AxesLabel->{"t",""}]
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As one would anticipate, for this non-repairable system the rate of change of the system state 
approaches zero, as the probability that the system has been trapped in its minimal state is 

increasing.

DerivativeOfExpectedState[sys,t] /. t->1 // N

-0.451118

ì CDFDerivativeOfExpectedState[cdf, x, t, t0r, prec:$MachinePrecision]

This function is the equivalent of DerivativeOfExpectedState for CDFs.  See also CDFHazard.  
Like CDFHazard, this function performs numerical differentiation, which is much more rife with 

problems than numerical integration.  It may be necessary to increase prec to obtain good results, 
as it was for CDFHazard.

CDFDerivativeOfExpectedState[cdfmult, x, t, 1]

-0.4620814841871379

ì CumulativeStandardDeviation[sys, t, tstar, ni:False]

This function returns the integral over the system’s useful lifetime of the standard deviation of its 

system state.



CumulativeStandardDeviation[sys, t, 2, True]

0.57588

Plot[CumulativeStandardDeviation[sys, t, tstar, True],
   {tstar, 0, 3},
   PlotLabel->
      "CumulativeStandardDeviation[sys,t,tstar,True]",
   AxesLabel->{"tstar",""}]
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ì CDFCumulativeStandardDeviation[cdf, x, t, tstar, max:1]

This function is the equivalent of CumulativeStandardDeviation for CDFs.

CDFCumulativeStandardDeviation[cdftnormd, x, t, 1/10]

0.00733575

ì SYSF[sys, j]

This function will return the probability of the system being in or below the state j, given sys.



SYSF[sys, 2/3] // Simplify

1 - E-2 t

ì CDFF[cdf, x, x0:0]

This function is the equivalent of SYSF for CDFs.

CDFF[cdfmult, x, 2/3]

1 - E-2 t

ì SYSR[sys, j]

This function will return the probability of the system being above the state  j.

SYSR[sys, 2/3]

E-2 t

ì CDFR[cdf, x, x0:0]

This function is the equivalent of SYSR for CDFs.

CDFR[cdfmult, x, 2/3]

E-2 t

ì ChebyshevUB[x, var, epsilon]

This function will return the Chebyshev Upper Bound.  var is the variance of the random variable 
in question, mu is its mean.  The expression returned is the upper bound of the probability that the 

random variable in question is epsilon or more units away from its mean.  When only an upper 
bound of var is available (as in VarianceOfOutputUB), this inequality is still valied when that 
bound is used as input.  The variable x is not used by this function.



ChebyshevUB[1, 1, 2]

1
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ì Moment[sys,n:1]

This function will calculate the expected value of X^n.

Moment[sys,6] // Simplify

1
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E-2 t H729 + 128 t + 2 t2L

ì CDFMoment[cdf,x,n:1,max:1]

This function is the equivalent of Moment for CDFs.  It is the nth moment (with respect to the 
origin) of a random variable x given its cdf.  It is assumed that this random variable is 

non-negative.

CDFMoment[cdftnormd /. t->1,x,2]

0.145335

ì CDFMoment[cdf,x,n:1,max:1]

This function is the equivalent of Moment for CDFs.  It is the nth moment (with respect to the 
origin) of a random variable x given its cdf.  It is assumed that this random variable is 

non-negative.

CDFMoment[cdftnormd /. t->1,x,2]

0.145335

ì MaximalStateProportion[sys, t, tstar, ni:False]

This function will find the expression for the integral of probability of the system being in its 
maximal state, over the system’s useful lifetime and divided by the useful lifetime.

MaximalStateProportion[sys, t, tstar]

1
�����������������������
2 tstar

-
E-2 tstar

�����������������������
2 tstar



Plot[MaximalStateProportion[sys, t, tstar],
   {tstar, 0, 3},
   PlotLabel->"MaximalStateProportion[sys, t, tstar]",
   AxesLabel->{"tstar",""}]
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MaximalStateProportion[sys, t, tstar] /. tstar -> 1/8 // N

0.884797

ì CDFMaximalStateProportion[cdf, x, t, tstar, max:1]

This function will find the expression for the integral of probability of the system being in its 
maximal state, over the system’s useful lifetime and divided by the useful lifetime.

CDFMaximalStateProportion[cdfmult, x, t, 1/8]

0.884797

ì OnStreamAvailability[sys, t, tstar, j, ni:False]

This function will return the integral of the probability of the system being above state j, over the 

system’s useful lifetime tstar and divided by that useful lifetime.

OnStreamAvailability[sys, t, tstar, 1/3]
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Plot[OnStreamAvailability[sys,t,tstar,1/3],
   {tstar, 0, 3},
   PlotLabel->"OnStreamAvailability[sys,t,tstar,1/3]",
   AxesLabel->{"tstar",""}]
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OnStreamAvailability[sys, t, tstar, 1/3] /. tstar->1 // N

0.729329

ì CDFOnStreamAvailability[cdf, x, j, t, tstar]

This function is the equivalent of OnStreamAvailability for CDFs.

CDFOnStreamAvailability[cdfmult, x, 1/3, t, 1]

0.729329

ì DiscreteEntropy[sys]

This function will return the calculated entropy of the given multistate sys configuration.  See also 
ContinuousEntropy.

DiscreteEntropy[sys /. t->1]
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DiscreteEntropy[sys /. t->1] // N

1.34319

ì ContinuousEntropy[f, x, min:0, max:1, ni:False]

This function will return the calculated entropy of the given PDF (note: NOT CDF) over the given 

domain.  The domain should not include sets where f(x)=0.

ContinuousEntropy[pdfbeta, x]

103619
����������������������
27720

- Log@110D
ContinuousEntropy[pdfbeta, x] // N

-0.962421

ì SYSSkewness[sys]

This function will return the skewness of the given system.

s1=(SYSSkewness[sys] // Simplify)

IE-6 t I27 E4 t + 16 E4 t t + 2 E4 t t2 +

2 H3 + 4 t + 2 t2L3 - 3 E2 t H3 + 4 t + 2 t2L H9 + 8 t + 2 t2LMMò
HE-4 t H9 H-1 + E2 tL + 8 H-3 + E2 tL t + 2 H-14 + E2 tL t2 - 16 t3 - 4 t4LL3�2



Plot[s1, {t, 0, 5}, PlotLabel->"SYSSkewness[sys]",
   AxesLabel->{"t",""}]
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ì CDFSkewness[cdf, x, max:1]

This function is the equivalent of SYSSkewness for CDFs.  For this function and others of its type 
(typically where max is an option, but not min), the CDF is assumed to be non-negative.

CDFSkewness[cdfbeta, x]

-0.921401

ì SYSKurtosis[sys]

This function will return the kurtosis of the system.

k1 = (SYSKurtosis[sys] // Simplify)

H81 H-3 + 6 E2 t - 4 E4 t + E6 tL + 16 H-81 + 108 E2 t - 39 E4 t + 2 E6 tL t +

2 H-1620 + 1386 E2 t - 248 E4 t + E6 tL t2 -

32 H153 - 78 E2 t + 5 E4 tL t3 - 8 H609 - 165 E2 t + 2 E4 tL t4 +

192 H-17 + 2 E2 tL t5 + 48 H-30 + E2 tL t6 - 384 t7 - 48 t8L�
H9 H-1 + E2 tL + 8 H-3 + E2 tL t + 2 H-14 + E2 tL t2 - 16 t3 - 4 t4L2



Plot[k1, {t, 0, 5}, PlotLabel->"SYSKurtosis[sys]",
   AxesLabel->{"t",""}]
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ì CDFKurtosis[cdf, x, max:1]

This function is the equivalent of SYSKurtosis for CDFs.

CDFKurtosis[cdfbeta, x]

3.78857

ì SYSKurtosisExcess[sys]

This function is the KurtosisExcess of the given system.  It is just SYSKurtosis-3, so see 
SYSKurtosis for a graph of its behavior for this system.

SYSKurtosisExcess[sys /. t->1] // N

-1.15932

ì CDFKurtosisExcess[cdf, x, max:1]

This function is the equivalent of SYSKurtosisExcess for CDFs.



CDFKurtosisExcess[cdfbeta, x]

0.788571

ì SYSQuantile[sys, q:1/2]

This function will return the qth quantile of the multistate configuration sys.

SYSQuantile[N[sys /. t->1], 2/3]

0.666667

sys /. t->1 // N

880, 0.323324 <, 80.333333 , 0.270671 <, 80.666667 , 0.270671 <,81., 0.135335 <<
Plot[SYSQuantile[N[sys /. t->1], q], {q, 0, 1},
   PlotLabel->"SYSQuantile[sys,q] (t=1)",
   AxesLabel->{"q",""}]
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ì CDFQuantile[cdf, x, q:1/2, prec$MachinePrecision, min:0, max:1]

This function will return the qth quantile of the x.  There are two additional functions, 
CDFQuantileUp and CDFQuantileDown, that are related to CDFQuantile.  These aren’t intended 

to be called directly, but instead take multiple points that meet the quantile criteria as the 
supremum and infinimum of that set, respectively, for use in certain other functions.



CDFQuantile[cdfbeta, x, 2/3]

0.892792

ì SYSMedian[sys]

This function will return the median of the SYS system.

SYSMedian[N[sys /. t->1]]

0.333333

ì CDFMedian[cdf, x, min:0, max:1]

This function will return the median of the CDF system.

CDFMedian[cdfbeta, x]

0.852037

ì SYSQuartiles[sys]

This function will return the quartiles of the SYS system.

SYSQuartiles[N[sys /. t->1]]

80, 0.333333 , 0.666667 <

ì CDFQuartiles[cdf, x, min:0, max:1]

This function will return the quartiles of the CDF system.



CDFQuartiles[cdfbeta, x]

80.773373 , 0.852037 , 0.91239 <

ì SYSQuadraticRaw[sys, y0, k:1]

This function will return a sys multistate matrix with the states replaced by k (y-y0)^2.  Once this 

system is constructed, a variety of measures such as ExpectedState, StateVariance, SYSSkewness, 
SYSKurtosis, and SYSKurtosisExcess may be calculated (these are all separate measures for the 

CDF case, which is more complicated).  Note that k (y-y0)^2 is a loss function (disutility).  By 
using k=1 and y0=max, when min=0, this will return the raw configuration which would be used 

to calculate Boedigheimer’s second measure (see Boedigheimer 1992, p. 170).

du=SYSQuadraticRaw[sys, 1]

981, E-2 t H-1 + E2 t - 2 t - 2 t2L<, 9 4
�����
9
, 2 E-2 t t2=, 9 1

�����
9
, 2 E-2 t t=, 80, E-2 t<=

Here are a few measures of this disutility:

ExpectedState[du] // Simplify
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E-2 t H9 H-1 + E2 tL - 16 t - 10 t2L
Plot[ExpectedState[du], {t, 0, 5},
   PlotLabel->"ExpectedState[du]",
   AxesLabel->{"t",""}]
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StateVariance[du] // Simplify
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Plot[StateVariance[du], {t, 0, 5},
   PlotLabel->"StateVariance[du]",
   AxesLabel->{"t",""}]
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A customer might be interested in learning when the uncertainty in the  disutility associated with 

this product is at a maximum.  That can be determined quite easily.

t /. FindMinimum[-StateVariance[du], {t, 0}][[2]]

1.14451

ì CDFQuadraticMean[cdf, x, y0, k:1, max:1]

This function will return the mean of the random variable where the state considered is the 
function k (y-y0)^2 of the ordinary states.  Note that this is a quadratic loss function (disutility) 

such as that commonly used in quality studies.  A variety of measures of this quadratic loss 
function will be detailed here.  All contain "Quadratic" in their names, and the type of measure 
they represent should be self explanatory.

CDFQuadraticMean[cdfbeta, x, 1]

0.0384615

ì CDFQuadraticVariance[cdf, x, y0, k:1, max:1]

This function will return the variance of the quadratic loss function.



CDFQuadraticVariance[cdfbeta, x, 1]

0.00218371

ì CDFQuadraticSkewness[cdf, x, y0, k:1, max:1]

This function will return the skewness of the quadratic loss function.

CDFQuadraticSkewness[cdfbeta, x, 1]

2.51602

ì CDFQuadraticKurtosis[cdf, x, y0, k:1, max:1]

This function will return the kurtosis of the quadratic loss function.

CDFQuadraticKurtosis[cdfbeta, x, 1]

12.1641

ì CDFQuadraticKurtosisExcess[cdf, x, y0, k:1, max:1]

This function will return the kurtosis excess of the quadratic loss function.

CDFQuadraticKurtosisExcess[cdfbeta, x, 1]

9.16412

ì CDFQuadraticKurtosisExcess[cdf, x, y0, k:1, max:1]

This function will return the kurtosis excess of the quadratic loss function.

CDFQuadraticKurtosisExcess[cdfbeta, x, 1]

9.16412

ì SYSInterquartileRange[sys]

This function will return the interquartile range of the sys multistate matrix.



SYSInterquartileRange[N[sys /. t->1]]

0.666667

ì CDFInterquartileRange[cdf, x, min:0, max:1]

This function is the equivalent of SYSInterquartileRange for CDFs.

CDFInterquartileRange[cdfbeta, x]

0.139018

ì SYSQuartileDeviation[sys]

This function will return the quartile deviation of the multistate configuration sys.

SYSQuartileDeviation[N[sys /. t->1]]

0.333333

ì CDFQuartileDeviation[cdf, x, min:0, max:1]

This function is the equivalent of SYSQuartileDeviation for CDFs.

CDFQuartileDeviation[cdfbeta, x]

0.0695088

ì SYSPearsonSkewness2[sys]

This function will return the PearsonSkewness II of a SYS system.

SYSPearsonSkewness2[N[sys /. t->1]]

0.627101

ì CDFPearsonSkewness2[cdf, x, min:0, max:1]

This function is the equivalent of SYSPearsonSkewness2 for CDFs.



CDFPearsonSkewness2[cdfbeta, x] // N

-0.542845

ì CDFRandom[cdf, x, n:1, min:0, max:1]

This function will return a random sample of size n from the distribution given by CDF[x], which 

has a domain that is some subset of [min, max].

CDFRandom[cdfbeta, x, 10]

80.9428785062243037 , 0.7812975148991086 , 0.8322748273326965 ,

0.9387823629323861 , 0.9212966710524029 , 0.8975155394676335 ,

0.8982863206030629 , 0.8518726301001038 , 0.8084652550441547 ,

0.8403898284857974 <



The ContinuousOptimization 
Package

È General Comments and Definitions

This package provides a series of functions that can assist in the creation and optimization of structure

functions for continuous systems.  Scattered data interpolation techniques for continuous structure 

function estimation, and functions to determine optimal multistate discretization, are included.

Many of these functions are best served by having their functionality illustrated in context.  Extended

examples of the use of many of these functions are provided in special sections at the end of the function

definitions section.

È Function Documentation

ì MonteCarlo2[cdflist, x, phi, d:0.1, min:0, max:1]

This function will return the MultistateCDF for a system, based on a list of CDF’s for the components

(cdflist).  x is the independent variable in cdflist, phi is the function relating the component state 

vectors to the system state, and d is a value such that p +- d is a 95% confidence interval on the 

probability in question.  It is assumed that the distributions have a minimum value of min and a 

maximumvalue of max. The methodused is MonteCarlosimulation.

We will demonstrate this technique (and the one to follow) with a system for which an exact solution

for the CDF is known.

phi$Pi[x_] := Times @@ x

cdflist={UniformCDF[x],UniformCDF[x]};

a1=MonteCarlo2[cdflist,x,phi$Pi,0.1];



Plot[Evaluate[{a1, x (1-Log[x])}], {x, 0.0001,1.1},

   PlotLabel->"MonteCarlo Simulation - d=0.1",

AxesLabel->{"x" "F[x]"}]
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Here is another approximation, this time with more data points.

a2=MonteCarlo2[cdflist,x,phi$Pi,0.05];



Plot[Evaluate[{a2, x (1-Log[x])}], {x, 0.0001,1.1},
   PlotLabel->"MonteCarlo Simulation - d=0.05",
   AxesLabel->{"x","F[x]"}]
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ì ContDisc[cdflist,x,phi,n:5,min:0,max:1]

This function will calculate the Multistate CDF for the system, based on the list of CDF’s for the 
components (cdflist).  x is the independent  variable in cdflist, phi is the function relating the 

components to the system, and n is the number of discrete points the system and components 
should be discretized into. It is assumed that the distributions have a minimum value of min and a 

maximum value of max.  The technique used is discretization, as suggested by Montero [1990] 
(though this author intended this technique to be used for structural analysis, rather than stochastic 

analysis).

a3=MultistateCDF[x,ContDisc[cdflist,x,phi$Pi,20]];



Plot[Evaluate[{a3, x (1-Log[x])}], {x,0.0001,1.1},
   PlotLabel->"Discretization Approximation - n=20",
   AxesLabel->{"x","F[x]"}]
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ì TruncatedPDF[x,mmadist,min:0,max:1]

This function will return the value of the PDF of a truncated mmadist distribution, truncated to lie 
between min and max.  The function that we use below to illustrate TruncatedPDF will be used to 

illustrate other functions later in this chapter.

pdf1=TruncatedPDF[x,NormalDistribution[3/4,1/8]]
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Plot[pdf1,{x,0,1},PlotLabel->"pdf1",
   AxesLabel->{"x","f(x)"}]
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ì PDFADist[pdf,x,a]

This function will return the RMS deviation from the discrete values for a continuous component 
or system, given the PDF for that component or system. The independent variable for this 

distribution is x, and a is the list of boundary values for the different discrete values.  The 
assumption here, as follows into the related functions such as RD, GenAns, etc., is that the 

continuous values between the first two boundary points are mapped to the first boundary point, 
that continuous values between the last two boundary points are mapped to the last boundary 
point, and that other adjacent pairs of boundary points map their values to a point midway between 

them.  Thus, the extrema of the continuous model are retained.



PDFADist[pdf1,x,{0,1/3,2/3,1}]

0.197518

Please see the "Determinining Multistate Discretizations" section for more examples of the use of 

this function.

ì RD[pdf,x,n,min:0,max:1]

This function will find the optimal values for the boundaries of the different levels for a 
continuous system discretized into n distinct states, based on minimum values of PDFADist for the 

entire distribution.  The distribution is given by pdf, and the independent variable is x.  It is 
assumed that the minimal value for the PDF is min, and the maximal value is max.

RD03[pdf1,x]

80.111183 , 80, 0.463156 , 0.856707 , 1<<

Please see the "Determinining Multistate Discretizations" section for more examples of the use of 

this function.

ì GenAns[pdf,x,a]

This function will return a table (in the normal form in which multistate sytems are given) for the 

given list of boundaries, a, and the given pdf with independent variable x.

GenAns[pdf1,x,{0,1/3,2/3,1}]

980, 0.000439048 <, 9 1
�����
2
, 0.257931 =, 81, 0.74163 <=

Please see the "Determinining Multistate Discretizations" section for more examples of the use of 
this function.

ì CohInputQ[data]

This function will check the given input data set to see if it is non-decreasing.  If it is, True is 
returned (False if not). If the set is not coherent, pairs of numbers are printed to the screen that 

indicate pairs of components (by their order in the original data set) that violate the non-decreasing 
requirement.



inp = {{{0,0},0},{{0,1/2},1/2},{{1/2,0},1/2},
       {{1/2,1/2},3/4},{{1,1},1}}
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CohInputQ[inp]

True

Please see the "Performing Scattered and Gridded Data Interpolations" section for more examples 
of the use of this function.

ì ExtremaAdd[data]

This function will check if the zero vector maps to 0 and the one vector maps to 1 in the given data 
set, and adds them if they are not.

ExtremaAdd[inp]
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Please see the "Performing Scattered and Gridded Data Interpolations" section for more examples 
of the use of this function.

ì Shepard[x,data]

This function will calculate the approximation to the phi value at the point x, given the input data 

set data.  If the extreme values are not present, they are not added.  If the point x is equal to one of 
the data points, then the phi value is equal to the data point’s phi value at that data point. The 

method used is Shepard’s method.  Shepard’s method exhibits the property that the value returned 
for a given point is greater than or equal to the minimum of all the given data points, and less than 

or equal to the maximum of all the given data points.



Shepard[{1/3,1/3},inp] // N

0.573964

Please see the "Performing Scattered and Gridded Data Interpolations" section for more examples 

of the use of this function.

ì MultiQuadric[x,data,c,rsq:(1/6), prec:$MachinePrecision]

This function will calculate the approximation to the phi value at the point x, given the input data 
set data and the constant vector c (calculated by MultiQuadricC.  If the extreme values are not 

present, they are not added.  The method used is Hardy’s MultiQuadric method, which is 
considered to be a radial basis function method.  In general, the best choice of rsq depends almost 

exclusively on the data function values, rather than the distribution of the data sites.  It is also 
nearly indpendent of the number of data points. rsq should be smaller for rapidly varying data sets, 

and might also need to be small if there are a very large number of data points to prevent the 
matrix used to solve for c from being ill-conditioned. Tarwater [1985] showed that the RMS error 

obtained when using this method decreases as rsq increases, up to some optimal value; beyond this 
value, errors often increase dramatically as the associated linear system of equations becomes 
ill-conditioned.  As rsq approaches zero, the solution becomes tighter, as it increases, the solution 

becomes smoother.  An examination of RMSError values for random continuous systems with 
between 10 and 100 data points, using either Min or Max structure functions, and with either 2 or 

three components, indicated that optimal values of rsq for this type of problem are generally close 
to 1/6; in no case was the optimal value of rsq greater than 1/2.

MultiQuadric[{1/3,1/3},inp,MultiQuadricC[inp]]

0.5486315773404066

Please see the "Performing Scattered and Gridded Data Interpolations" section for more examples 

of the use of this function, and please see the "Determining Optimal RSQ Values" section for a 
discussion of selecting optimal rsq values for this function and all others that accept rsq as a 

parameter.

ì MultiQuadricC[data,rsq:(1/6), prec:$MachinePrecision]

This function will calculate the constant vector needed for the MultiQuadric routine.



MultiQuadricC[inp]

82.03356 , -0.80133 , -0.80133 , -0.241413 , 0.272716 <

Please see the "Performing Scattered and Gridded Data Interpolations" section for more examples 

of the use of this function.

ì ShepardND[data,m:5]

This function will return a data set consisting of approximations of phi values at data points on a 
gridded set with mesh density m.  The extrema points are  added to the customer-supplied data set 

data, if they are not already present.  If there are any customer-supplied data points other than the 
minimal or maximal ones which have minimal or maximal phi values (respectively), then any 

mesh points less then (or greater than) these are given minimal (or maximal) values.  The gridded 
points are calculated in ascending order of Euclidian distance from the midpoint of the component 

space hypercube, so that central values are calculated first. After each point is calculated, it is 
compared against all points less than or greater than it so that the non-decreasing property of 

coherent systems is not violated, and the minimal or maximal values allowed are assumed should 
the Shepard estimate violate the non-decreasing property as originally calculated.  As each point is 
calculated, it is added to the generating data set so that subsequent calculations may use it as part 

of the knowledge base about the system.  Note that one potential modification of this approach 
would be to only consider the data points that whose sites are strictly less than or strictly greater 

than the given one, and then depend on properties of Shepard’s rule to insure that the resulting grid 
is non-decreasing.  This approach was rejected due to the possibility of some data sets being very 

sparse, and so basing estimatations on very distant points.  Also, although two adjacent but 
non-ordered points are not required have any order relation between their function values, in 

practice nearby points are often close in functional value.



ShepardND[inp] // N[#,2]& // MatrixForm[#,TableSpacing->{0}]&
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Please see the "Performing Scattered and Gridded Data Interpolations" section for examples of the 

use of this function.

ì MultiQuadricND[data,m:5,rsq:(1/6),prec:$MachinePrecision]

This function will return a data set consisting of approximations of phi values at data points on a 
gridded set with mesh density m.  The extrema points are added to the customer-supplied data set 

data, if they are not already present.  If there are any customer-supplied data points other than the 
minimal or maximal ones which have minimal or maximal phi values (respectively), then any 

mesh points less then (or greater than) these are given minimal (or maximal) values.  The gridded 
points are calculated in ascending order of Euclidian distance from the midpoint of the component 

space hypercube, so that central values are calculated first. After each point is calculated, it is 
compared against all points less than or greater than it so that the non-decreasing property of 

coherent systems is not violated, and the minimal or maximal values allowed are assumed should 
the MultiQuadric estimate violate the non-decreasing property as originally calculated.  As each 
point is calculated, it is added to the generating data set so that subsequent calculations may use it 

as part of the knowledge base about the system.



MultiQuadricND[inp] // N[#,2]& //
   MatrixForm[#,TableSpacing->{0}]&
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Please see the "Performing Scattered and Gridded Data Interpolations" section for examples of the 

use of this function.

ì MLinInt[x,data]

This function will approximate the value of phi[x], given the gridded input data in the set data 

(usual form). It uses a linear interpolation.

mlans = PhiGrid[Max[#]&,20,2];



MLinInt[{1/8,1/8},mlans] // N

0.137336

Please see the "Performing Scattered and Gridded Data Interpolations" section for examples of the 

use of this function.

ì GriddedRMSError[data,phi]

This function will estimate the RMS error term of an approximation given by the data set data 
(which is in the same form as the data sets which normally contain input data for the interpolation 

functions) as compared to the true function phi. The squared differences from the true values at all 
points on the grid are summed, this total is divided by the number of grid points, and the square 

root of this entire expression is returned.  The extrema are NOT added.

mlans2 = PhiGrid[Max[#]&,5,2];

GriddedRMSError[mlans2,Max[#]&]

0

Please see the "Performing Scattered and Gridded Data Interpolations" section for examples of the 
use of this function.

ì ShepardRMSError[data,phi,m:10]

This function will estimate the RMS error term of a Shepard approximation over a grid of mesh 

density m, as compared to the true function phi.  The squared differences from the true values at 
all points on the grid are summed, this total is divided by the number of grid points, and the square 

root of this entire expression is returned.  The input data points are taken as the set data, and the 
extrema are NOT added.

phi7[x_] := Max[x]

test7=ExtremaAdd[RandomPhi[phi7,16]];



ShepardRMSError[test7,phi7]

0.0867636

Please see the "Performing Scattered and Gridded Data Interpolations" section for examples of the 

use of this function.  Please note that your result for ShepardRMSError will probably be different 
if you recalculate this notebook, as RandomPhi is a random function.

ì MultiQuadricRMSError[data,phi,m:10,rsq:(1/6), 
prec:$MachinePrecision]

This function will estimate the RMS error term of a MultiQuadric approximation over a grid of 

mesh density m, as compared to the true function phi.  The squared differences from the true 
values at all points on the grid are summed, this total is divided by the number of grid points, and 

the square root of this entire expression is returned.  The input data points are taken as the set data, 
and the extrema are NOT added.  See MultiQuadric for a discussion of the meaning of the rsq 

variable, and of prec.

MultiQuadricRMSError[test7,phi7]

0.025369

Please see the "Performing Scattered and Gridded Data Interpolations" section for examples of the 
use of this function.  Please note that your result for MultiQuadricRMSError will probably be 

different if you recalculate this notebook, as RandomPhi is a random function.

ì PhiGrid[phi,m:4,n:2]

This function will return a set of data points, where each is of the form {{x11,x12,... ,x1n},phi1}.  
The points specified by the x coordinates are those comprising a mesh of density m, and the phii 

values are determined by the function phi.  Note that there will be m^n data points, rather than m.



PhiGrid[Max[#]&,3,2]
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Please see the "Performing Scattered and Gridded Data Interpolations" section for examples of the 
use of this function.

ì RandomPhi[phi,m:4,n:2]

This function will return a set of m data points, where each is of the form {{x11,x12,... 
,x1n},phi1}.  The points specified by the x coordinates are generated randomly, and the phii values 

are determined by the function phi.

Please see the "Performing Scattered and Gridded Data Interpolations" section for examples of the 
use of this function.

RandomPhi[Max[#]&,3,2]

8880.900006 , 0.264095 <, 0.900006 <,
880.524465 , 0.278477 <, 0.524465 <,
880.202887 , 0.640141 <, 0.640141 <<

ì RandomGenerate[m:4,n:2]

This function will return a set of m sets of n random numbers (uniformly distributed).

Please see the "Performing Scattered and Gridded Data Interpolations" section for examples of the 

use of this function.

RandomGenerate[3,2]

880.197711 , 0.397095 <, 80.86322 , 0.14914 <, 80.239146 , 0.0174086 <<

ì ShepardGrid[data,m:4]

This function will, given a set of scattered data points (in the form {{{x11,x12,...,x1n},phi1}, ...}) 

over the component state space, return a regular grid of mesh density m over that space, where the 
structure function value at each point is estimated with Shepard’s Method.  The value returned is in 
the same form as data.  The assumption is made and utilized that the zero vectors maps to 0, and 

the one vector maps to 1.



ShepardGrid[inp] // N[#,2]& //
   MatrixForm[#,TableSpacing->{0}]&
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Please see the "Performing Scattered and Gridded Data Interpolations" section for examples of the 
use of this function.

ì GridGenerate[m:4,n:2]

This function will return a list containing all the points that ma ke up an evenly spaced grid 

spanning the full range of each of the n components.  Each component will be reduced to m 
discrete values in the grid.



GridGenerate[3,2]
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Please see the "Performing Scattered and Gridded Data Interpolations" section for examples of the 
use of this function.

È Determining Multistate Discretizations

Although this material was in essence covered in the function documentation, it merits further 
consideration and examples.

In essence, we use the function PDFADist to assess the quality of any particular discretization, 

when the true distribution is known.  We use the function RD to obtain an optimal discretization.  
Both will be illustrated here.

Please refer to the beginning of this chapter for an illustration and definition of pdf1, the density 

function that will be used extensively in this section.  It will be taken to represent the PDF for the 
state of the component that we wish to discretize

We examine various discretizations for this component below, noting that while discretizations 

with more levels produce better results, large differences in results can be obtained with the same 
number of levels by shifting the positioning of the boundaries between the levels.  It appears that 

in this case better results are obtained by having more different levels available in regions where 
the component is likely to reside:

PDFADist[pdf1,x,{0,1/2,1}]

0.27871

PDFADist[pdf1,x,{0,1/4,1/2,3/4,1}]

0.130594

PDFADist[pdf1,x,{0,3/8,5/8,7/8,1}]

0.0732353



PDFADist[pdf1,x,{0,3/8,1/2,5/8,3/4,7/8,1}]

0.0474665

Now, we examine the optimal discretization for a two-level discretization.  Please note that RD 

calls the Mathematica function FindMinimum, which attempts to find only a LOCAL minimum.  
However, examinations of graphs showed that (in all cases considered) it was finding the global 

minimum.  However, if this is a concern a global optimization routine could be substituted for the 
local one.

ans2=RD[pdf1,x,2]

80.27871 , 80, 0.5, 1<<

Here is a graph of the quality of the two-level discretization, as a function of where the boundary 
between the two levels was placed:

Plot[PDFADist[pdf1,x,{0,x1,1}],{x1,0.45,0.55},
   PlotLabel->"PDFADist[pdf1,x,{0,x1,1}]",
   AxesLabel->{"x1",""}]
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û Graphics  û

Similarly, here is the same analyis for a three-level discretization.  The black dot on the graph is 
the optimal point found with the RD function below.

ans3=RD[pdf1,x,3]

80.111183 , 80, 0.463156 , 0.856707 , 1<<



Show[Plot3D[PDFADist[pdf1,x,{0,x1,x2,1}],
     {x1,0,1},{x2,0,1},
            PlotLabel->"PDFADist[pdf1,x,{0,x1,x2,1}]",
            AxesLabel->{"x1","x2",""},
            DisplayFunction->Identity],
     Graphics3D[Point[{ans3[[2,2]],ans3[[2,3]],
                       ans3[[1]]+0.01}],
            DisplayFunction->Identity],
     DisplayFunction->$DisplayFunction]
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Now, we ask for all optimal discretizations for numbers of levels ranging from two to nine

ansi = Table[RD[pdf1,x,i],{i,2,9}];



ansi

880.27871 , 80, 0.5, 1<<, 80.111183 , 80, 0.463156 , 0.856707 , 1<<,
80.0709472 , 80, 0.413886 , 0.667966 , 0.88286 , 1<<, 80.0509273 ,
80, 0.38246 , 0.59957 , 0.753086 , 0.907553 , 1<<, 80.0395751 ,
80, 0.357868 , 0.555424 , 0.680731 , 0.799709 , 0.926197 , 1<<,

80.0322012 , 80, 0.341005 ,

0.527339 , 0.644081 , 0.73758 , 0.829989 , 0.934915 , 1<<,
80.0272168 , 80, 0.324791 , 0.497115 ,

0.61303 , 0.693553 , 0.77111 , 0.851415 , 0.944778 , 1<<,
80.0237478 , 80, 0.303779 , 0.462548 , 0.584152 , 0.66529 ,

0.733302 , 0.799706 , 0.869726 , 0.951824 , 1<<<

Here is a chart of how the RMS error goes down as the number of levels increases:

<<Graphics‘Graphics‘



BarChart[Transpose[ansi][[1]], BarLabels->Range[2,9],
 PlotLabel->
  "PDFADist as Fn of # of Optimally Chosen Categories",
 AxesLabel->{"# Cats.",""},
 PlotRange->{0,0.30}]
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Finally, we examine the multistate system graphs for these discretizations.  For each point on these 
graphs, the x-value represents a discrete point whose value the discretized component may assume, 

the the y-value for that point represents the probability that the component will take on that value.  
Note that the plots, as the number of levels increases, approaches in appearance the original PDF.

PlotAns[pdf_,x_,a_] := 
   ListPlot[GenAns[pdf,x,a],
            PlotRange->{{0,1},{0,1}},
            PlotLabel->
"Optimal Discretization for " <> 
   ToString[Length[a]-1] <>" Categories",
            AxesLabel->{"x","P(x)"},
            DisplayFunction->Identity]

allplots = PlotAns[pdf1,x,#[[2]]]& /@ ansi;

Do[Show[allplots[[i]],
     DisplayFunction->$DisplayFunction],
   {i,Length[allplots]}]
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È Performing Scattered and Gridded Data Interpolations

The basic situation is that, for non-discrete models, the sets of boundary points which would 
completely define the system’s structure function are uncountably infininite in number.  Thus, we 

cannot reasonably expect the customer to specify the system completely using boundary points.  
Some authors have used this point to argue that the continuous model is infeasible.

However, there is another option: taking whatever data points the customer can give you, and 

using them to construct a multi-dimensional interpolation to the customer’s true structure function.  
We consider this technique here.

First, let’s consider a situation where the customer gives us only five data points (including the 

extrema):

inp = {{{0,0},0},{{0,1/2},1/2},{{1/2,0},1/2},
       {{1/2,1/2},3/4},{{1,1},1}};

We first verify that the customer’s input is coherent (note, though: coherence in this context only 
means "non-decreasing" - the customer has not after all specified a complete structure function):

CohInputQ[inp]

True

Now, we plot the Shepard interpolation to the structure function for this two-component system.  

Note that there are "bumps" near the data points that the customer supplied.  This is a 
characteristic of Shepard’s method (the points on the graphs are the customer supplied data points).  

This method is "modified" only in the sense that the values of the function at the customer 
supplied data points are equal to those points: in raw form, Shepard’s method is not defined at 

those points, though it approaches them smoothly from all directions.



Show[Plot3D[Shepard[{x1,x2},inp],{x1,0,1},{x2,0,1},
            DisplayFunction->Identity],
     Graphics3D[Point /@ Flatten /@ inp,
            DisplayFunction->Identity],
     DisplayFunction->$DisplayFunction,
     AxesLabel->{"x1","x2","phi(x)"},
PlotLabel->
   "Interpolation Using Modified Shepard’s Method"]
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Now, we do the same interpolation using the MultiQuadric method.  Note that the constant 

weights to the MultiQuadric method must first be calculated.  Also, note that a value for RSQ of 1 
will be used throughout this example.

inpc=MultiQuadricC[inp,1]

87.20473 , -5.10365 , -5.10365 , 2.71013 , 0.512785 <

Here is the plot of the MultiQuadric interpolation.  Note that it is much smoother than the 
Shepard’s method interpolation.



Show[Plot3D[MultiQuadric[{x1,x2},inp,inpc,1],
       {x1,0,1},{x2,0,1},
            DisplayFunction->Identity],
     Graphics3D[Point /@ Flatten /@ inp,
            DisplayFunction->Identity],
     DisplayFunction->$DisplayFunction,
     AxesLabel->{"x1","x2","phi(x)"},
     PlotLabel->"Interpolation Using MultiQuadric Method"]
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Now, we examine situation where the customer data points are generated from some function, 

which for the purposes of analysis will from then on be treated as unknown.  For the purposes of 
illustrating the differences between the Shepard’s method and the MultiQuadric method, this is 
essential as it will allow us to compare the results of the two methods to a common reference point:

phi[x_] := Times @@ x

Here is a plot of this theoretical structure function:



Plot3D[phi[{x1,x2}],{x1,0,1},{x2,0,1},
  AxesLabel->{"x1","x2","x2*x2"},
  PlotLabel->"Theoretical Structure Function - Test 1"]
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First, we interpolated based on gridded data (the normal case will be scattered data).  We first use 

Shepard’s method, then the MultiQuadric method.

test1=PhiGrid[phi];



Show[Plot3D[Shepard[{x1,x2},test1],{x1,0,1},{x2,0,1},
            DisplayFunction->Identity],
     Graphics3D[Point /@ ((Flatten /@ test1)+
        Table[{0,0,0.01},{Length[test1]}]),
            DisplayFunction->Identity],
     DisplayFunction->$DisplayFunction,
     AxesLabel->{"x1","x2","x1*x2"},
PlotLabel->
"Interpolation Using Modified Shepard’s Method - Test 1"]

Interpolation Using Modified Shepard’s Method − Test 1
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test1c=MultiQuadricC[test1,1];



Show[Plot3D[MultiQuadric[{x1,x2},test1,test1c,1],
       {x1,0,1},{x2,0,1},
            DisplayFunction->Identity],
     Graphics3D[Point /@ ((Flatten /@ test1)+
           Table[{0,0,0.01},{Length[test1]}]),
            DisplayFunction->Identity],
     DisplayFunction->$DisplayFunction,
     AxesLabel->{"x1","x2","x1*x2"},
PlotLabel->
"Interpolation Using MultiQuadric Method - Test 1"]
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Now, we perform the same analysis with yet another structure function.  However, in this case the 
data will be random rather than gridded:

phi2[x_] := Max[x]

test2=ExtremaAdd[RandomPhi[phi2,16]];



Plot3D[phi2[{x1,x2}],{x1,0,1},{x2,0,1},
   AxesLabel->{"x1","x2","Max[{x1,x2}]"},
   PlotLabel->"Theoretical Structure Function - Test 2"]
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Show[Plot3D[Shepard[{x1,x2},test2],{x1,0,1},{x2,0,1},
            DisplayFunction->Identity],
     Graphics3D[Point /@ ((Flatten /@ test2)+
        Table[{0,0,0.05},{Length[test2]}]),
            DisplayFunction->Identity],
     DisplayFunction->$DisplayFunction,
     AxesLabel->{"x1","x2","Max[{x1,x2}]"},
PlotLabel->
"Interpolation Using Modified Shepard’s Method - Test 2"]

Interpolation Using Modified Shepard’s Method − Test 2
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test2c=MultiQuadricC[test2,1];



Show[Plot3D[MultiQuadric[{x1,x2},test2,test2c,1],
    {x1,0,1},{x2,0,1},
            DisplayFunction->Identity],
     Graphics3D[Point /@ ((Flatten /@ test2)+
        Table[{0,0,0.01},{Length[test2]}]),
            DisplayFunction->Identity],
     DisplayFunction->$DisplayFunction,
     AxesLabel->{"x1","x2","Max[{x1,x2}]"},
PlotLabel->
   "Interpolation Using MultiQuadric Method - Test 2"]

Interpolation Using MultiQuadric Method − Test 2
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For this last example, we wish to quantify the difference between our interpolations and the real 

values of the function.  This will be done by comparing the differences between our estimate of the 
structure function and the real values at a set of points on a regular grid.  Note that your results 
may be different if you recalculate this notebook, due to the random nature of the data sets.

ShepardRMSError[test2,phi2]

0.112412



MultiQuadricRMSError[test2,phi2,10,1]

0.053017

There is one important point that so far has been missed in this analysis.  We bothered to check the 

customer input in the first case to see that it was non-decreasing, and in subsequent cases 
generated the data from functions that we knew to be non-decreasing.  However, are we assured 

that our interpolation is non-decreasing, especially when the input data is scattered?  Special "ND" 
versions of these functions were written to alleviate concerns of loss of coherence.  See the 
function usage statements (or the documentation earlier in this chapter) for details on how this is 

done).

Unlike the regular non-"ND" functions, these ND functions return a regular grid of interpolated 

points, which can then be passed to MLinInt[] to linearly interpolate other points between the grid 
points.  It is assumed that this linear interpolation is non-decreasing, if the underlying grid values 
are non-decreasing.

Frist, we note that ShepardND produces a non-decreasing grid, while Shepard does not, for the 
same data set (again, if you recalculate test2, this may not be the case for your particular 

randomization):

ans=ShepardND[test2];

CohInputQ[ans]

True

ans2=ShepardGrid[test2];

CohInputQ[ans2]

2, 6

4, 8

5, 6

9, 10

14, 15

False

Now, here is the full function estimate and graph for the Non-Decreasing Shepard’s method:



Show[Plot3D[MLinInt[{x1,x2},ans],{x1,0,1},{x2,0,1},
            DisplayFunction->Identity],
     Graphics3D[Point /@ ((Flatten /@ ans)+
        Table[{0,0,0.05},{Length[ans]}]),
            DisplayFunction->Identity],
     DisplayFunction->$DisplayFunction,
     AxesLabel->{"x1","x2","Max[{x1,x2}]"},
PlotLabel->
"Gridded ND-Shepard’s, Linearly Interpolated - Test 2"]

Gridded ND−Shepard’s, Linearly Interpolated − Test 2
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By way of comparison, here is the identical graph, but for the regular Shepard’s method.



Show[Plot3D[MLinInt[{x1,x2},ans2],{x1,0,1},{x2,0,1},
            DisplayFunction->Identity],
     Graphics3D[Point /@ ((Flatten /@ ans2)+
        Table[{0,0,0.05},{Length[ans2]}]),
            DisplayFunction->Identity],
     DisplayFunction->$DisplayFunction,
     AxesLabel->{"x1","x2","Max[{x1,x2}]"},
PlotLabel->
"Gridded Shepard’s, Linearly Interpolated - Test 2"]

Gridded Shepard’s, Linearly Interpolated − Test 2
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We note that the ND method actually has a better RMSError number for this example.

GriddedRMSError[ans,phi2]

0.0852042

GriddedRMSError[ans2,phi2]

0.11883

Now going back to our earlier multiplicative structure function, we note that there is a vast 
difference between the performance of the MultiQuadric method and the Shepard’s method in this 

case.

inp2=PhiGrid[(Times @@ #)&];

ans2shep=ShepardND[inp2];

ans2mq=MultiQuadricND[inp2,5,1];



GriddedRMSError[ans2shep,(Times @@ #)&] // N

0.0602315

GriddedRMSError[ans2mq,(Times @@ #)&] // N

0.000528323

È Determining Optimal RSQ Values

The question of what value to use for RSQ in the MultiQuadric interpolation is a matter of some 
theoretical debate.  A few papers have been published containing general guidelines, but the fact 

remains that the value of RSQ can make a LARGE difference in the quality of fit one obtains, and 
that the problem is highly problem dependent.  Thus, it was deemed of value to attempt to discern, 

for the type of problem the MultiQuadric method is being used for here, what values of RSQ might 
be reasonable.

First, we define a few structure functions that are commonly used in reliability studies:

phi1[x_] := Min[x]

phi2[x_] := Max[x]

Now, we calculate a random set of 20 data points in the (x1,x2) plane.  These will be used in 

combination with the value of the (assumed) structure function at that point to create a data set. In 
general, our plan is to be able to compare a MultiQuadric interpolation (obtained from a set of n 

data points) for some curve to values of that curve at points other than the data points.  If the 
average squared deviation of the curve fit from the real value at these test points is low, then we 
will say that the fit is good.  We are looking for the lowest possible value of this mean root mean 

squared deviation, as a function of rsq.  Are assumption will then be that since this is a typical sort 
of reliability problem with a typical number of customer-supplied data points, that our estimates of 

the optimal RSQ value should give us guidance as to what sort of default value to set for RSQ.

rawdata=RandomGenerate[20,2];



TableForm[rawdata, TableSpacing->{0}]

0.522751 0.198628
0.35554 0.559014
0.628485 0.397655
0.226962 0.873327
0.937107 0.236822
0.296094 0.584736
0.108947 0.22513
0.604372 0.313554
0.156146 0.0543806
0.968775 0.0148952
0.839124 0.790684
0.960192 0.491718
0.316374 0.592056
0.604652 0.932704
0.687888 0.194401
0.37769 0.0593762
0.750782 0.957579
0.0815961 0.47464
0.641834 0.732449
0.477224 0.161086

Now, as an assumption of coherent systems is that the maximal state vector maps into the maximal 
system state, and that the minimal state vector maps into the minimal system state, we add this 

additional piece of knowledge.  We now have a total of 22 data points.

data1=ExtremaAdd[{#, phi1[#]}& /@ rawdata];

data2=ExtremaAdd[{#, phi2[#]}& /@ rawdata];

Now, we examine a graph of the error as a function of RSQ.



Plot[MultiQuadricRMSError[data1,phi1,5,rsq],
  {rsq,0.2,0.3},
 PlotLabel->
  "RMS Error as a Function of R^2 (phi=Min[x],n=2,N=22)",
 AxesLabel->{"R^2",""}]
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Now, optimizing, we find the optimal RSQ value for this problem

FindMinimum[MultiQuadricRMSError[data1,phi1,5,rsq],
   {rsq,0.075,0.080}]

80.0302979 , 8rsq � 0.264888 <<

We proceed with the same analysis, using a different structure function.



Plot[MultiQuadricRMSError[data2,phi2,5,rsq],
 {rsq,0.10,0.25},
PlotLabel->
"RMS Error as a Function of R^2 (phi=Max[x],n=2,N=22)",
AxesLabel->{"R^2",""}]
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FindMinimum[MultiQuadricRMSError[data2,phi2,5,rsq],
   {rsq,0.040,0.038}]

80.0268152 , 8rsq � 0.176478 <<

Now, for the first structure function, we perform the optimization 15 different times on 15 
different data sets, to find the mean and variance of the optimal RSQ value obtained.

b=Table[RandomGenerate[20,2],{15}];

ansb=Table[rsq /. FindMinimum[MultiQuadricRMSError[
      ExtremaAdd[{#, phi1[#]}& /@ b[[i]]],
      phi1,5,rsq],{rsq,0.075,0.080}][[2]],
         {i,Length[b]}];



TableForm[ansb,TableSpacing->{0}]

0.102249
0.08042
0.110037
0.196671
0.14035
0.402902
0.0834257
0.0740417
0.15372
0.207568
0.135696
0.180243
0.0371163
0.25137
0.259234

We now request the mean and standard deviation of the set of optimal RSQ values obtained.  The 
only thing that was different between these data sets was the placement of 20 of the 22 data points.

Apply[Plus, ansb] / Length[ansb]

0.161003

Sqrt[Apply[Plus, (ansb - Apply[Plus, ansb] /
     Length[ansb])^2]/(Length[ansb] - 1)]

0.0936303

Now, we wish to examine what the optimal value of RSQ is for systems of other sizes, and for 
data sets of different sizes.

MaxROpt[b_] := FindMinimum[MultiQuadricRMSError[
      ExtremaAdd[{#, phi1[#]}& /@ b],
      phi1,5,rsq],{rsq,0.075,0.080}]

Here is a system with two components, with 100 customer-supplied data points.

b1=RandomGenerate[100,2];

MaxROpt[b1]

80.0146579 , 8rsq � 0.074963 <<

Here is a system with two components, with 50 customer-supplied data points.

b2=RandomGenerate[50,2];

MaxROpt[b2]

80.0161703 , 8rsq � 0.0833332 <<

Here is another system with two components, with 50 customer-supplied data points.

b4=RandomGenerate[50,2];



MaxROpt[b4]

80.0105009 , 8rsq � 0.0480841 <<

Here is a system with two components, with 20 customer-supplied data points.

b3=RandomGenerate[20,2];

MaxROpt[b3]

80.0474718 , 8rsq � 0.168456 <<

Here is a system with three components, with 10 customer-supplied data points.

b5=RandomGenerate[10,3];

MaxROpt[b5]

80.150134 , 8rsq � 0.28062 <<

The difficulty, of course, is that in real life one would not know the "real" structure function, and 
so one would have no way of knowing how close one’s interpolation is to points not in the given 

data set (and so, one would have no way of knowing how good one’s choice of RSQ is). All that 
can be done is to choose a value that seems reasonable given past history with known problems 

one can assume to be of similar type.

We note that no optimal value of RSQ found was greater than 0.5.  A default value of 1/6 was set 
for the MultiQuadric function in this package.  However, it may be changed for other problems, if 

a value other than the default one seems appropriate.



The NewFunctions Package
As many of the functions in this package are featured and illustrated in the example packages 

accompanying these sections, for some only their "usage" statements will be presented here.

È Function Documentation

ì Bounds2[data,f,ag:6]

This function finds bounds for reliability for continuous systems, based on the "maximal" and 

"minimal" structure functions.  These are the structure functions consisting of the maximal and minimal

points (respectively) that the given data points for each system allows, under the assumption of 

monotonicity.  It will work for any number of components, but for large data sets may take a long 

period of time.  The density function list f consists of the PDFs for the state of each component, where

each is a function of x.  Data is in the form that data is normally provided in for the MultiQuadric 

functions, etc.  Ag is the AccuracyGoal of the Numerical Integration that this function contains.  It has

a maximal value of 6 - lower values will produce faster results.  This function has been tested and found

to work properly for systems with two and four components; it has not been tested for any systems 

with more components than four.  Components are assumed to be independent, although this 

assumption could be easily relaxed if it may not be made for the problem at hand. If the list of density

functions is indeed a list of CDF’s instead, then ag may be set to 0 to tell Bounds2 that CDFs are 

provided; this results in faster computation, as numerical intergration need not be performed.

ì MultiQuadricND2[inpdata,rsq,prec]

This function performs the same function as MultiquadricND, but uses a newer and more efficient 

algorithm.

ì MultiQuadricNDRMSError[data,phi,m]

This function performs the same function as MultiquadricRMSError, but does so on the non-decreasing

grid generated by MultiQuadricND or  (preferably) MultiQuadricND2.



ì SystemFromDirectEnumerationLow[p,data,fphi,pprob]

This function will return the minimum system state probabilities of a discrete system, using the partial

customer-supplied data set named data. This function calls systable2low.

ì SystemFromDirectEnumerationHigh[p,data,fphi,pprob]

This function will return the maximum system state probabilities of a discrete system, using the 

partial customer-supplied data set named data. This function calls systable2high.

ì PhiMinRMSError[data,phi,m,perc]

This function allows calculation of the RMS error for a min structure function specified by data, 

given knowledge of phi, with grid density m.

ì PhiMaxRMSError[data,phi,m,perc]

This function allows calculation of the RMS error for a max structure function specified by data, 
given knowledge of phi, with grid density m.

ì phiround[x,phi,fphi]

This function will return a value representing the element of the set fphi which is closest to phi[x].

ì MuSigma[inp,expr]

This function will find an estimate of the mean and standard deviation of a system, given this 

information for the components and a structure function, by using multi-dimensional Taylor 
expansion.  Specifically, it returns a list of two elements, where the first is the estimated mean of 
the system in question, and the second is the estimated standard deviation of the system in 

question.  The input is in the form[{var1, muvar1, sigmavar1},{var1,muvar1, sigmavar1},...}, and 
expr is a function of each of the vari variables.

Here is an example:



params = MuSigma@88r1, 3�4, 1�10<,

8r2, 2�3, 1 �10<<, Hr1 + r2^3L�2D

80.523148 , 0.0833333 <

ì SVStillOut[mmax]

For Erlangian multistate components with m+1 states (beginning in their maximal states at t=0), 

where each state and the probability of that state are given by {i/m,p(i,t)}, 0<=i<=m, one may 
calculate the point mu*t where the state variance reaches its maximum, so that for a given value of 

mu one may know the specific time at which the component is at its maximum variance.  This 
function will return a table of these values for given values of mup to the given value of mmax, for 

different sizes of systems.

Here is an example, which returns the values of mu*t for given values of m up to m=10:

SVStillOut@10D �� TableForm

1 0.693147

2 1.22042

3 1.79764

4 2.40894

5 3.04585

6 3.70298

7 4.37674

8 5.06452

9 5.76436

10 6.47473



Binary DeterministicAnalysis 
Tutorial

ì Introduction

This document is a brief, basic tutorial on the application of some of the functions in the 

DeterministicAnalysis package to binary models.

ì Basic Functions

ì Defining the System

Let us define a simple binary system with four components.  Note that we may name the variables 

anything we wish, and still pass them properly to the appropriate functions. They are given their 

traditional names here for clarity.

First, we define the component state space:

p = {{0,1},{0,1},{0,1},{0,1}}

880, 1<, 80, 1<, 80, 1<, 80, 1<<

Each element of p is the set of possible states for a given component of the system.  Since this is a 

binary model, there are only two possible states for each of the four components of the system.

Now, we must define the system state space:

fphi = {0,1}

80, 1<

Since this is a binary model, there are only two possible states of functioning for the system.

Of course, we may use any of the pre-existing functions which are part of every Mathematica 

environment.  Let us assume that we wish to know how many components comprise our system. We 

could use the following command:



Length[p]

4

We may of course review the set of possible states for the components by requesting that p be 

printed again (or we could just scroll up the screen to where it was initially printed):

p

880, 1<, 80, 1<, 80, 1<, 80, 1<<

Now we should define the structure function which maps the states of the components into the 
states of the system.  Our function phi should accept any combination of elements in p and return 
some element in fphi.  We may use any Mathematica function we wish to define the structure 

function (there are literally hundreds), and we may individually define different values of fphi for 
different component state vectors.  If we wished to, we could specify the entire system by direct 

enumeration.  However, it is hoped for simplicity’s sake that one function or a small set of 
functions will perform this mapping for us.

Let us assume that we wish to examine a system where the system state is the minimum of all the 

component states.  As there are no states possible for any of the components which is not also 
possible for the system to assume, this structure function is well-defined.

phi[x_] := Min[x]

Now we have defined a Mathematica function of our own, which we will use in subsequent 

calculations.  Of course, when we call this function, we will be calling it with a parameter x.  This 
parameter x represents a component state vector and is a list of real numbers.  Note that the 

underscore after the x and the colon before the = sign in the above definition are both necessary.

Now that we have defined the set of values each component may assume (p), the set of values 
which the system can assume (fphi), and the relationship between every possible component vector 

and the system state (phi), we have completely specificed the structural behavior of the model.  
We may now begin to make calculations.

ì Determining System Coherence

The first thing we should do with any system is to determine whether it is coherent or not.  If a 
system is coherent, we may bring to bear on the problem all of the theorms that have been proved 

for coherent systems.  Of particular importance is to know whether the system is non-decreasing; if 
it is, we may speak of boundary points in a mathematically well-defined way.  The following 

example shows how to check that a system is non-decreasing:



NonDecreasingQ[p,phi]

True

The system is non-decreasing.  Now, we can check the limits of the system, to be sure that the 

maximal component state vector is mapped into the maximal system state, and that the minimal 
component state vector is mapped into the minimal system state.  Systems that fail this test and 

which are non-decreasing are indicative of a poorly defined system state space  that includes 
maximal states which may not be achieved even when every component functions perfectly.

ProperLimitsQ[p,phi,fphi]

True

Thus, the system maps the maximal and minimal component vectors properly.  Now, we check the 
component relevence.  If a component is irrelevent, then there is no component state vector where 

the performance of that particular component will affect the system state.  Systems that have 
irrelevent components are indicative of a poorly defined system where the model is unnecessarily 

large.

ReleventComponentsQ[p,phi]

True

Thus, since the system passes all three of these relevence tests, it is coherent.  These tests (along 
with every other function in the DeterministicAnalysis package) work equally as well with 

multistate models (with non-identical finite numbers of real states for every component and for the 
system) as they do with binary models.

Of course, since we will wish to use this test on many different systems, and since a system must 

pass all three tests to be coherent, we may wish to use one function, to check all three at once.  If it 
returns true, the system is coherent.



CoherentQ[p,phi,fphi]

True

ì Discerning and Manipulating the Boundary Points

Now, let us proceed with our analysis by finding and manipulating the upper and lower boundary 

points to this system.  Note that, for strictly binary models, there is a simplified form in which the 
paths and cuts may be written; see the section labelled "Binary Model Simplification Functions" 

for more information.  However, as our goal here is to understand how to use these functions for 
general multistate models, the full form of upper and lower boundary points will be used for the 

remainder of this particular section.

We may find the lower boundary points with the following function:

lbps=LBPFromStructure[p,phi,fphi]

8881, 1, 1, 1<, 1, Lower, Real<<

And we may find the upper boundary points with the following function:



ubps=UBPFromStructure[p,phi,fphi]

8880, 1, 1, 1<, 0, Upper, Real<, 881, 0, 1, 1<, 0, Upper, Real<,
881, 1, 0, 1<, 0, Upper, Real<, 881, 1, 1, 0<, 0, Upper, Real<<

Note the structure of the information which these functions have returned to us.  ubps, for 
example, is a list containing four elements.  Each element is an upper boundary point, indicating 

that this system has four upper boundary points.  Each boundary point it itself a list, consisting of 
four elements.  The first is the vector of states representing the boundary point.  The second is the 

level that vector is a boundary point to.  The third is either the string "Upper" or the string 
"Lower" to tag which type of boundary point the given one is.  The fourth and final element in the 
list representing each element is a string, which is either "Real", "Virtual", or "Indet."

Strictly speaking, this last element is not necessary, but it is sometimes interesting.  A boundary 
point is termed "Real" if the value of the system is precisely that given level for the given 

boundary point.  It is termed "Virtual" if it is either above that value (for lower boundary points) or 
below that value (for upper boundary points).  This situation normally occurs when there are 
system states which no component state vector maps to, and sometimes in other cases too.  The 

string in the fourth position is "Indet" if it is not known whether the boundary point is "Real" or 
"Virtual".  In any case, the forms of ubps and lbps above are example of the form the set of lower 

and upper boundary points must take when passed to functions in this package that require them.

Let us say that we were given only the upper boundary points, or perhaps the lower boundary 
points.  It would be quite unnecessary for the customer to specify both, when one set can be 

determined from the other.  If we were given the lower boundary points, we could obtain the upper 
ones with the following function:

LBPToUBP[lbps,p,fphi]

8880, 1, 1, 1<, 0, Upper, Indet<, 881, 0, 1, 1<, 0, Upper, Indet<,
881, 1, 0, 1<, 0, Upper, Indet<, 881, 1, 1, 0<, 0, Upper, Indet<<

Note that this list of boundary points is the same as that which was obtained earlier. The only 
difference is that "Indet" is used in place of "Real."  This is because Real/Virtual/Indet 

calculations are made only in LBPFromStructure[] and UBPFromStructure[] as a matter of 
curiosity: they are never used computationally (though it would be most accurate to say that the 

*designation* is not used computationally - a system with virtual boundary points that are 
removed will be an ENTIRELY different system).

One may of course also calcuate the lower boundary points based on the upper boundary points:



UBPToLBP[ubps,p,fphi]

8881, 1, 1, 1<, 1, Lower, Indet<<

Of course, it is often true that we may not have the structure function for a given problem: just the 

upper or lower boundary points as specified by the customer.  Even if we assume that we don’t 
have the structure function, the same range of analysis is still available to us.

We can establish the relevence of all the components with only the upper and lower boundary 

points using the function BoedigheimerReleventComponentsQ[]:

BoedigheimerReleventComponentsQ[lbps,ubps,p]

True

Let us say that we doubt the self-consistency of the boundary points we have been given, and wish 
to check them.  The following two functions will check the self consistency of each of the two 

types of boundary points:

LBPSelfConsistentQ[lbps]

True

UBPSelfConsistentQ[ubps]

True

We can also check the boundary point sets for consistency with each other, using the following 

function:

BPConsistentToEachOtherQ[lbps,ubps]

True

Boedigheimer [1992] created definitions for series and parallel that rely only on knowledge of the 
upper and lower boundary points.  Two functions will check if (using this definition) the system is 

parallel or series based on the two sets of boundary points.

BoedigheimerParallelQ[lbps,ubps,fphi]

False



BoedigheimerSeriesQ[lbps,ubps,fphi]

True

Note that in the binary case series systems are defined as ones where the structure function is the 

minimum of all of the components, or (equivalently) that the structure function is the product of all 
of the system states.  We would expect the system to be series, then, and as we can see above 

Boedigheimer’s definition of series is consistent in this case with the usual definition.

ì Discerning Structure Function Based on Boundary Points

One can discern the system state associated with any component vector based on the boundary 
points by using following two functions:

SystemStateFromLBP[lbps,fphi,{1,1,0,1}]

0

SystemStateFromLBP[lbps,fphi,{1,1,1,1}]

1

ì Binary Model Simplification Functions

If you are accustomed to working with binary models exclusively, the full form of the lists of 

upper and lower boundary points may seem awkward to you.  For strictly binary models, we may 
use some special functions to convert the general list of boundary points to the traditional form of 

paths and cuts:

PathsFromLBP[lbps]

881, 2, 3, 4<<

CutsFromUBP[ubps]

881<, 82<, 83<, 84<<

We may also specify the lower and upper boundary points for binary models in this simplified 

form, if we wish, and then convert them to full form for further processing:

LBPFromPaths[{{1,2,3,4}},4]

8881, 1, 1, 1<, 1, Lower, Real<<



UBPFromCuts[{{1},{2},{3},{4}},4]

8880, 1, 1, 1<, 0, Upper, Real<, 881, 0, 1, 1<, 0, Upper, Real<,
881, 1, 0, 1<, 0, Upper, Real<, 881, 1, 1, 0<, 0, Upper, Real<<

As an example of how Mathematica functions may be nested, consider the PathsToCuts[] function, 
which is defined as follows:

??PathsToCuts

PathsToCuts @paths,nD returns the minimal cuts based on the

minimals paths for a system of order n.

Attributes @PathsToCuts D = 8Protected <

PathsToCuts @paths_List , n_Integer D := CutsFromUBP @

LBPToUBP @LBPFromPaths @paths, nD, Table@80, 1<, 8n<D, 80, 1<DD

PathsToCuts @___D :=

Message @DeterministicAnalysisFunction ::badcall , "PathsToCuts "D

As you can see, it accepts as the innermost argument the simplified binary form of path 

specification, converts it to full form, passes that full form to the LBPToUBP[] function for 
conversion, and then converts the full-form results to the simplified binary form of cut 
specification.  Here is an example:

PathsToCuts[{{1,2,3,4}},4]

881<, 82<, 83<, 84<<

CutsToPaths[{{1},{2},{3},{4}},4]

881, 2, 3, 4<<

ì Vector Comparison

LessOrEqualQ[x,y] discerns whether the vector x is less than or equal to the vector y, in the sense 

that is usually meant in the study of multistate reliability.



LessOrEqualQ[{1,0,1},{1,1,1}]

True

There are similar functions LessQ[x,y], GreaterOrEqual[x,y], GreaterQ[x,y].

ì Component State Combinations: VectorSpace[p]

VectorSpace[p] takes a system state space variable and returns a list of all the possible 
combinations of states.  This may be useful if you want to create a map of all the possible 

component vectors to their associated system states.

VectorSpace[p]

880, 0, 0, 0<, 80, 0, 0, 1<, 80, 0, 1, 0<, 80, 0, 1, 1<,
80, 1, 0, 0<, 80, 1, 0, 1<, 80, 1, 1, 0<, 80, 1, 1, 1<,
81, 0, 0, 0<, 81, 0, 0, 1<, 81, 0, 1, 0<, 81, 0, 1, 1<,
81, 1, 0, 0<, 81, 1, 0, 1<, 81, 1, 1, 0<, 81, 1, 1, 1<<

We could use our knowledge of Mathematica to create a list, where each component contains both 
the component vector and the system state associated with it, for all possible component vectors.

{#, phi[#]}& /@ VectorSpace[p]

8880, 0, 0, 0<, 0<, 880, 0, 0, 1<, 0<, 880, 0, 1, 0<, 0<,
880, 0, 1, 1<, 0<, 880, 1, 0, 0<, 0<, 880, 1, 0, 1<, 0<,
880, 1, 1, 0<, 0<, 880, 1, 1, 1<, 0<, 881, 0, 0, 0<, 0<,
881, 0, 0, 1<, 0<, 881, 0, 1, 0<, 0<, 881, 0, 1, 1<, 0<,
881, 1, 0, 0<, 0<, 881, 1, 0, 1<, 0<, 881, 1, 1, 0<, 0<,
881, 1, 1, 1<, 1<<

ì Structural Importance: StructuralImportances[p,phi]

The function StructuralImportances[p,phi] is available to discern structural importances.  It returns 
a vector of length n consisting of the structural importances of each component, and is based on 

the general definition given on Boedigheimer [1992].  Here is an example of its use:

StructuralImportances[p,phi]
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Note that an irrelevent component has a structural importance of zero, as illustrated below:

phi2[x_] := Min[x[[1]],x[[2]],x[[3]]]



StructuralImportances[p,phi2]
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Of course, we would ordinarily have noticed this possibility by utilizing either of the following 
two functions:

ReleventComponentsQ[p,phi2]

False

CoherentQ[p,phi2,fphi]

False

ì Limit on Number of Critical Upper Vectors - CUVUpperBound[n,m]

In Xue and Yang ("Symmetric Relations in Multistate Systems", 1995), a method is outlined to 
discover an upper limit on the number of "critical upper vectors," which are related to the 

boundary points we have been utilizing in this document.  This function finds the upper limit on 
the number of critical upper vectors, given that the system has n components and each component 

and the system has exactly m+1 states.  Here is an example:

CUVUpperBound[7,1]

35

CUVUpperBound[7,2]

393

CUVUpperBound[7,7]

134512

As one might suspect, the complexity of a given multistate system increases rapidly as the number 

of states per component increases.

ì Boundary Point Set Completion - BPClean[lbps or ubps]

Another function, BPClean[], is intended to make data entry for lower and upper boundary point 

sets easier.  Although a few extra features are built into this function that allow you to specify in a 
shorthand way the types of upper or lower boundary point (see function documentation for 

details), at a basic level this function will allow you to skip the last two string entries for each 
boundary point.  This function will also sort the boundary point set properly, in ascending order of 
the level for each point.  Here is an example:



lbpsshort={{{3,3,3},3},{{1,1,1},1},{{2,2,2},2}}

8883, 3, 3<, 3<, 881, 1, 1<, 1<, 882, 2, 2<, 2<<

BPClean[lbpsshort,"Lower","Real"]

8881, 1, 1<, 1, Lower, Real<, 882, 2, 2<, 2, Lower, Real<,
883, 3, 3<, 3, Lower, Real<<

ì Strategies When the Structure Function is Not Known

Note that, with many systems, we do not have the explicit structure function for the system.  
Instead, we have the assumption that the structure function is non-decreasing and we have a set of 

either the upper or lower boundary points (commonly called minimal cuts and minimal paths in the 
binary case) which are provided by the customer.  If this is the case, we may (first using 
LBPToUBP[] or UBPToLBP[] to get the other set of boundary points, if only one set is given, and 

then perhaps using UBPSelfConsistentQ[], LBPSelfConsistentQ[], and 
BPConsistentToEachOtherQ[] to check the internal self-consistency of the boundary points if we 

have doubts) use the function BoedigheimerReleventComponentsQ[] to check for component 
relevence based on the boundary points rather than the structure function.

If we can make the assumption that the set of boundary points we have been given is complete and 

properly sorted, we can examine the set of boundary points to see whether the system properly 
maps the minimal and maximal states.  If the maximal state for which there is lower boundary 

point is equal to the maximal state in the set of states we are given for the system, and if the 
minimal state for which there is an upper boundary point is equal to the minimal state in the set of 

states we are given for the system, then ProperLimitsQ[] would have been satisfied.

Of course, another option is to use the functions SystemStateFromLBP[] or 
SystemStateFromUBP[] as part of the definition for phi[] (as they will return the system state of 

any given component state based on either the lower or upper boundary points) and then utilize 
CoherentQ[] as it is.



General Discrete Analysis 
Tutorial

ì Introduction

The goal of this document is to illustrate how one may use various RelPack packages to perform 

complex analyses quickly and easily on a sample problem.  This tutorial uses only a fraction of all the

functions which are available in RelPack 2.0, and does not utilize any of the more advanced packages

(such as ContinuousOptimization).

We will begin by defining the system and graphing its behavior.  Then we will, in turn, examine the 

deterministic, stochastic, and dynamic properties (both actual and potential) that arise from it.

ì System Definition

First, we must define the structure function, the component state vector space, and the system state 

space.

The Mathematica  function below defines the system’s structure function.



phi[x_] := Module[{systab},

   systab = {{{0,0},0},

             {{1,0},0},

             {{2,0},1},

             {{3,0},1},

             {{4,0},1},

             {{5,0},1},

             {{0,1},0},

             {{1,1},0},

             {{2,1},2},

             {{3,1},2},

             {{4,1},2},

             {{5,1},2},

             {{0,2},0},

             {{1,2},3},

             {{2,2},3},

             {{3,2},3},

             {{4,2},3},

             {{5,2},3},

             {{0,3},0},

             {{1,3},3},

             {{2,3},4},

             {{3,3},4},

             {{4,3},4},

             {{5,3},5},

             {{0,4},0},

             {{1,4},3},

{{2 4} 4}

Next, we define the state space of the system:

fphi = Range[0,5]

80, 1, 2, 3, 4, 5<

Now, we define the state space of the component vectors:

p = {Range[0,5], Range[0,4]}

880, 1, 2, 3, 4, 5<, 80, 1, 2, 3, 4<<

To check our work, we request a table of the values of the structure function.  x1 is along the 

horizontal axis, and x2 is along the vertical axis.

phitab = Table[phi[{x1,x2}], {x2, 4, 0, -1},
   {x1, 0, 5}];



MatrixForm[phitab]

i

k

jjjjjjjjjjjjjjjj

0 3 4 4 5 5

0 3 4 4 4 5

0 3 3 3 3 3

0 0 2 2 2 2

0 0 1 1 1 1

y

{

zzzzzzzzzzzzzzzz

ì Graphs of the Structure Function

For ease of visualization, it might be wise to show a graph of the original structure function.  First, 

we load a few standard Mathematica  packages which assist in graphical work:

<<Graphics‘Graphics3D‘

<<Graphics‘Legend‘

With these packages in place, we can view the system as a 3D Bar Chart:



BarChart3D[Table[phi[{x1,x2}],
      {x1, 0, 5}, {x2, 0, 4}],
   PlotLabel -> "phi[x]",
   AxesLabel -> {"x1","x2"},
   ViewPoint -> {-1.819, -2.233, 1.775}];
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We can also view the system as a density plot:



ShowLegend[
   ListDensityPlot[Table[phi[{x1,x2}],
         {x2, 0, 4}, {x1, 0, 5}],
      PlotLabel -> "phi[x]",
      FrameLabel -> {x1,x2},
      RotateLabel -> False,
      DisplayFunction -> Identity],
   {GrayLevel[1-#]&, 6, " 5", " 0",
      LegendPosition -> {1.1, -0.4}}];
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ì Deterministic Behavior of the System

First, we must verify that the system is coherent:

CoherentQ[p,phi,fphi]

True

Now, we can request the lower and upper boundary points:

lbps=LBPFromStructure[p,phi,fphi];



MatrixForm[lbps]

i

k

jjjjjjjjjjjjjjjjjjjjjjjjjjjjjjj

81, 2< 1 Lower Virtual

82, 0< 1 Lower Real

81, 2< 2 Lower Virtual

82, 1< 2 Lower Real

81, 2< 3 Lower Real

82, 3< 4 Lower Real

84, 4< 5 Lower Real

85, 3< 5 Lower Real

y

{

zzzzzzzzzzzzzzzzzzzzzzzzzzzzzzz

ubps=UBPFromStructure[p,phi,fphi];

MatrixForm[ubps]

i

k

jjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjj

80, 4< 0 Upper Real

81, 1< 0 Upper Real

80, 4< 1 Upper Virtual

81, 1< 1 Upper Virtual

85, 0< 1 Upper Real

80, 4< 2 Upper Virtual

85, 1< 2 Upper Real

81, 4< 3 Upper Real

85, 2< 3 Upper Real

83, 4< 4 Upper Real

84, 3< 4 Upper Real

85, 2< 4 Upper Virtual

y

{

zzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzz

Now, we check to see if the system states obtained using JUST the upper or lower boundary points 
are the same as those obtained when the whole structure function phi was used.

lbptab = Table[SystemStateFromLBP[lbps,fphi,{x1,x2}],
  {x2, 4, 0, -1}, {x1, 0, 5}];

MatrixForm[lbptab]

i

k

jjjjjjjjjjjjjjjj

0 3 4 4 5 5

0 3 4 4 4 5

0 3 3 3 3 3

0 0 2 2 2 2

0 0 1 1 1 1

y

{

zzzzzzzzzzzzzzzz

ubptab = Table[SystemStateFromUBP[ubps,fphi,{x1,x2}],
  {x2, 4, 0, -1}, {x1, 0, 5}];



MatrixForm[ubptab]

i

k

jjjjjjjjjjjjjjjj

0 3 4 4 5 5

0 3 4 4 4 5

0 3 3 3 3 3

0 0 2 2 2 2

0 0 1 1 1 1

y

{

zzzzzzzzzzzzzzzz

As we can see and explicitly verify, the tables of values produced are identical.

phitab==lbptab==ubptab

True

Of course, many systems will be specified by the customer not through a structure function, but 

through the set of either the lower or the upper boundary points.  For systems which are specified 
in this way, a function in this package called BPClean[] can significantly ease data entry.  Also, 

there are a number of functions in this package which drastically simplify the data entry 
requirements when the system is strictly binary.

One question that has come up is whether the table of system state values produced by the 

upper/lower boundary point approach would be the same if the "virtual" boundary points were not 
included.  Let us remove them and see...

(lbpsreal = Select[lbps,
   #[[4]]=="Real" &]) // MatrixForm

i

k

jjjjjjjjjjjjjjjjjjjjj

82, 0< 1 Lower Real

82, 1< 2 Lower Real

81, 2< 3 Lower Real

82, 3< 4 Lower Real

84, 4< 5 Lower Real

85, 3< 5 Lower Real

y

{

zzzzzzzzzzzzzzzzzzzzz

(ubpsreal = Select[ubps,
   #[[4]]=="Real" &]) // MatrixForm

i

k

jjjjjjjjjjjjjjjjjjjjjjjjjjjjjjj

80, 4< 0 Upper Real

81, 1< 0 Upper Real

85, 0< 1 Upper Real

85, 1< 2 Upper Real

81, 4< 3 Upper Real

85, 2< 3 Upper Real

83, 4< 4 Upper Real

84, 3< 4 Upper Real

y

{

zzzzzzzzzzzzzzzzzzzzzzzzzzzzzzz



(lbptabr =
  Table[SystemStateFromLBP[lbpsreal,fphi,{x1,x2}],
  {x2, 4, 0, -1}, {x1, 0, 5}]) // MatrixForm

i

k

jjjjjjjjjjjjjjjj

0 0 4 4 5 5

0 0 4 4 4 5

0 0 3 3 3 3

0 0 2 2 2 2

0 0 1 1 1 1

y

{

zzzzzzzzzzzzzzzz

(ubptabr =
  Table[SystemStateFromUBP[ubpsreal,fphi,{x1,x2}],
  {x2, 4, 0, -1}, {x1, 0, 5}]) // MatrixForm

i

k

jjjjjjjjjjjjjjjj

3 3 4 4 5 5

3 3 4 4 4 5

3 3 3 3 3 5

2 2 2 2 2 5

0 0 1 1 1 5

y

{

zzzzzzzzzzzzzzzz

phitab==lbptabr

False

phitab==ubptabr

False

As we can see, incorrect results are produced when the "Virtual" boundary points are not included 

in the boundary point lists.

To further test this software package, we verify that we can obtain the upper boundary points 
based on the lower boundary points, and visa versa:

(Drop[#,-1]& /@ LBPToUBP[lbps,p,fphi]) ==
(Drop[#,-1]& /@ ubps)

True

(Drop[#,-1]& /@ UBPToLBP[ubps,p,fphi]) ==
(Drop[#,-1]& /@ lbps)

True

Now, we can test if all the components are relevent, based not on the structure function but instead 

on the boundary points.



BoedigheimerReleventComponentsQ[lbps,ubps,p]

True

Although this is not generally necessary to do for boundary points which are calculated from a 

coherent system instead of being provided by the customer, we can check for the internal and 
relative consistency of the boundary point sets:

LBPSelfConsistentQ[lbps]

True

UBPSelfConsistentQ[ubps]

True

BPConsistentToEachOtherQ[lbps,ubps]

True

Although we would not expect this to be the case due to the rather arbitrary nature of this structure 
function, we can check, using the Boedigheimer [1992] definitions for series and parallel based on 
the boundary points, whether this system fits either set of criteria.

BoedigheimerParallelQ[lbps,ubps,fphi]

False

BoedigheimerSeriesQ[lbps,ubps,fphi]

False

We can also find the structural importances of the components.

StructuralImportances[p,phi]

91, 5
�����
6
=

We can find the system extrema based on the boundary point sets (a trivial problem):

SystemLimitsFromBP[lbps,ubps]

80, 5<

We can also find the full fphi set based on the boundary points (another trivial problem):



SystemSpaceFromBP[lbps,ubps]

80, 1, 2, 3, 4, 5<

ì Stochastic Behavior of the System

To proceed, we must have a matrix which represents the probabilities that each component is in 

each of its possible states as a function of time.  Since stochastic information was not given in the 
original formulation of this problem, we arbitrarily assign probabilities.  For this section, we will 

assign static probabilities which are independent of time.

pprob = {{0.1,0.2,0.3,0.2,0.15,0.05},
         {0.2,0.2,0.3,0.1,0.2}}

880.1, 0.2, 0.3, 0.2, 0.15, 0.05<, 80.2, 0.2, 0.3, 0.1, 0.2<<

The first sublist gives the probabilities that x1 is in each one of its states, while the second sublist 
gives the probabilities that x2 is in each one of its states.  To be sure that we have not entered data 

incorrectly, we can call a function which will check that our probability matrix is the same size as 
p, and that the sum of each sublist is one.

ConsistentProbabilitiesQ[p, pprob]

True

We can easily calculate the exact probabilities of the system being in any one of its states, 

assuming that the components are mutually indpendent, through direct enumeration.

ans=SystemFromDirectEnumeration[p, phi, fphi, pprob]

80.18, 0.14, 0.14, 0.33, 0.165, 0.045<

We can also calculate the "reliability importances" (also called "performance importances") of any 
of the components.  This is the stochastic analog of the structural importance that we calculated 
earlier.  First, we calculate it for level 3 of component 1 (x1):

ReliabilityImportance[p, phi, fphi, pprob, 1, 3]

2.7

Now, we call another function which will return the complete table of reliability importances, for 

every level of every component.  In general, we may wish to direct attention for improvements (all 
other things being equal) to components that exhibit a high reliability importance in the state range 

where they are expected to reside.



ReliabilityImportancesTable[p, phi, fphi, pprob]

880, 1.8, 2.7, 2.7, 2.9, 3.<, 80., 0.7, 2., 2.75, 2.9<<

ì Dynamic Behavior of the System

Since no stochastic or dynamic information was given in the original formulation of this problem, 

we will hypothesize a dynamic model and explore its characteristics before proceeding with the 
reliability measures analysis.

ì PDPErlangian[M,val,t]

Let us begin by assuming that each component i begins in its maximal state and spends a length of 
time in each state governed by an exponential distribution with a common parameter mui before 

progressing to the next lower state.  We assume that the components no longer change state once 
they reach their minimal states.  We wish to calculate for such a model the probability that the 
components are in any one of their given states as a function of time, as that is the information 

which is required by the reliability measures and system state calculation algorithms.

We can calculate these dynamic probabilities for each of the components as follows.  The lists 

which follow the calculation for each component consist of the probabilities as a function of time 
that each component is in any one of its states.  The second element in the first list, for example, is 
the probability that component x1 in its second-to-worst state.

x1prob = PDPErlangian[5,mu1,t] // Simplify

9 1
���������
24

E-mu1 t H24 H-1 + Emu1 tL - 24 mu1 t - 12 mu12 t2 - 4 mu13 t3 - mu14 t4L,

1
���������
24

E-mu1 t mu14 t4,
1
�����
6

E-mu1 t mu13 t3,
1
�����
2

E-mu1 t mu12 t2, E-mu1 t mu1 t, E-mu1 t=



x2prob = PDPErlangian[4,mu2,t] // Simplify

9 1
�����
6

E-mu2 t H-6 + 6 Emu2 t - 6 mu2 t - 3 mu22 t2 - mu23 t3L, 1
�����
6

E-mu2 t mu23 t3,

1
�����
2

E-mu2 t mu22 t2, E-mu2 t mu2 t, E-mu2 t=

Now, using direct enumeration, we can calculate the probability that the SYSTEM is in any one of 
its possible states, based on the structure function and the probability of each of the components 
being in any one of its possible states.

First, we form a matrix in the form needed:

pprob1={x1prob, x2prob};

And then calculate the result:

ans1=SystemFromDirectEnumeration[p, phi, fphi, pprob1] // 
  Simplify

9 1
���������
48

E-Hmu1+mu2L t H48 Emu2 t H-1 + Emu1 tL - 48 Emu2 t mu1 t -

24 Emu2 t mu12 t2 - 8 Emu2 t mu13 t3 - mu14 t4 H2 + 2 mu2 t + mu22 t2LL,

-
1

���������
36

E-Hmu1+mu2L t H6 + 6 mu1 t + 3 mu12 t2 + mu13 t3L

H6 - 6 Emu2 t + 6 mu2 t + 3 mu22 t2 + mu23 t3L, 1
���������
36

E-Hmu1+mu2L t mu23 t3

H6 + 6 mu1 t + 3 mu12 t2 + mu13 t3L, 1
���������
48

E-Hmu1+mu2L t t2 H2 mu14 t2 +

2 mu14 mu2 t3 + mu22 H24 + 24 mu1 t + 12 mu12 t2 + 4 mu13 t3 + mu14 t4LL,
1
�����
6

E-Hmu1+mu2L t mu1 t2 H6 mu2 + 3 mu1 H1 + mu2 tL + mu12 t H1 + mu2 tLL,

E-Hmu1+mu2L t H1 + mu1 t + mu2 tL=

In real life, we would perform a series of tests (see Kapur and Lamberson [1977]) to determine the 

values of mu1 and mu2.  Here we will arbitrarily assume that mu1 is 1.2 and mu2 is 1.9.  This 
causes the above expression to read:

ans1 = ans1 /. {mu1->1.2, mu2->1.9} // Simplify

81. E-3.1 t H-1. E1.9 t + 1. E3.1 t - 1.2 E1.9 t t - 0.72 E1.9 t t2 -

0.288 E1.9 t t3 - 0.0864 t4 - 0.16416 t5 - 0.155952 t6L,
-0.048 E-3.1 t H1.33006 + tL
H2.61058 + 1.16994 t + t2L H6 - 6 E1.9 t + 11.4 t + 10.83 t2 + 6.859 t3L,

0.329232 E-3.1 t t3 H1.33006 + tL H2.61058 + 1.16994 t + t2L,
0.155952 E-3.1 t t2 H3.08605 + 0.532163 t + t2L H3.75044 + 3.8538 t + t2L,
0.5472 E-3.1 t t2 H5.48246 + 3.02632 t + 1. t2L, E-3.1 t H1 + 3.1 tL<

We can verify that the probability of the system being in SOME state is one at least at one point in 
time (we could draw a graph or solve analytically to convince ourselves of this relation for all 

non-negative t):



Plus @@ ans1 /. t-> 3

1.

Now, let’s graph the probabilities of the system being in any one of its possible states.

Plot[Evaluate[ans1], {t,0,4},
  PlotRange->{0,1},
  AxesLabel->{"Time","p(i,t)"},
  PlotStyle->{Dashing[{0.017}],
              Dashing[{0.03}],
              Dashing[{0.03}],
              Dashing[{0.03}],
              Dashing[{0.03}],
              Thickness[0.001]},
  PlotLegend->{"p(0,t)", "p(1,t)", "p(2,t)",
               "p(3,t)", "p(4,t)", "p(5,t)"},
  LegendPosition->{1,-0.4}, LegendShadow->None];
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ì Measures

ans1sys = Transpose@8fphi, ans1<D;

ans1sys �. t -> 2 �� MatrixForm

i

k

jjjjjjjjjjjjjjjjjjjjj

0 0.187555

1 0.410009

2 0.159317

3 0.159499

4 0.0690071

5 0.0146119

y

{

zzzzzzzzzzzzzzzzzzzzz

ExpectedState@ans1sys �. t -> 2D

1.55623



ExpectedState@ans1sys �. t -> 2D� Max@fphiD

0.311246

StateVariance@ans1sys �. t -> 2D

1.53033

ExpectedTotalOutput@ans1sys, t, TrueD

8.45831

ExpectedOutput@ans1sys, t, 2, TrueD

6.46482

VarianceOfOutputUB@ans1sys, t, 2, TrueD

6.55507

ExpectedOutput@ans1sys, t, 2, TrueD�

ExpectedTotalOutput@ans1sys, t, TrueD

0.764316

Plot@ExpectedState@ans1sysD, 8t, 0, 4<,

AxesLabel -> 8"t", "E@fHtLD"<D
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Plot@ExpectedOutput@ans1sys, t, t, TrueD, 8t, 0, 4<,

AxesLabel -> 8"t", "OE@tD"<D
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OE@τD

û Graphics  û

Plot@StateVariance@ans1sysD, 8t, 0, 4<,

AxesLabel -> 8"t", "V@fHtLD"<D
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Table@UpperStatesDwellTime@ans1sys, t, j, TrueD, 8j, 0, 5<D

83.40358 , 1.89813 , 1.51141 , 1.00002 , 0.645161 , 0.<

LifetimeWeighted@ans1sys, t, 2 E^H-2 tLD

4.19442



LifetimeWeighted@ans1sys, t, 9 3^H1�2L H3 + 2 tL^H-5�2LD

2.92282

LifetimeWeighted@ans1sys, t, Ht �9L E^H-t�3LD

0.627763

LifetimeWeighted@ans1sys, t, 2 t E^H-t^2LD

3.43514

Plot@2 E^H-2 tL, 8t, 0, 6<, AxesLabel -> 8"t", "U@tD"<D
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Plot@9 3^H1�2L H3 + 2 tL^H-5�2L, 8t, 0, 6<,

AxesLabel -> 8"t", "U@tD"<D
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Plot@Ht �9L E^H-t�3L, 8t, 0, 6<, AxesLabel -> 8"t", "U@tD"<D
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Plot@2 t E^H-t^2L, 8t, 0, 6<, AxesLabel -> 8"t", "U@tD"<D
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Mixed Model Tutorial

ì Introduction

This document considers the general analysis of mixed systems. These may have non-zero probabilities

of being in any given state, superimposed over a continuous distribution.  To illustrate the basic 

techniques involved, this document sometimes uses full Mathematica code to solve problems rather 

than calling a RelPack function to do that particular task.  The idea is to make certain simple functions

more understandable to the user by making their functionality transparent.

ì Sample Problem 1

First, we define a list containing the CDF’s for the state of each of the components:

distlist={BinaryCDF[x,0.5],UniformMixedCDF[x,0.2,0.3],

TruncatedCDF[x,ChiDistribution[1]]};

Here are the values of each of these CDF’s at x=0.1.  Essentially, this is a list of the probabilities that

random variable drawn from each of these distributions would be 0.1 or lower.

distlist /. x-> 0.1

80.5, 0.25, 0.0796557<

Supposing that these distributions modeled the random variable representing the state of a component,

and that a system was composed of a "parallel" (maximum) arrangements of these components, the 

following function returns the probability that the system is in or below state 0.1

P[distlist,x->.1]

0.00995696

Assuming a "series" (minimum) arrangement of these components in the system, we compute the 

probability of being in or below state 0.1 as follows. As we would expect, the probability of being in

lower states is higher for a series system than for a parallel system.

S[distlist,x->.1]

0.654871



Here is a graph of the CDF of the system in the series case:

Plot[S[distlist],{x,0,1.1},PlotRange->{0,1}];
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Here is a graph of the CDF of the system in the parallel case:

Plot[P[distlist],{x,0,1.1},PlotRange->{0,1}];
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Here are the values of all the component CDF’s at x=0 and x=1, respectively:

{distlist /. x-> 0, distlist /. x-> 1}

880.5, 0.2, 0<, 81, 1, 1<<

Here is the value of the parallel system CDF at x=0 and x=1, respectively:

{P[distlist,x->0], P[distlist,x->1]}

80, 1<



Here is the value of the series system CDF at x=0 and x=1, respectively:

{S[distlist,x->0], S[distlist,x->1]}

80.6, 1<

We can take advantage of our knowledge of the particular distributions that we have selected.  

Since we know that the probability of the system being in any particular state is zero except for 
states in the set {0,1}, we can proceed for the series case and find the probabilities of the system 

being in either its maximum or minimum state:

ans=S[distlist];

{ans /. x-> 0, 1-(ans /. x-> (1-$MachineEpsilon))}

80.6, 0.0475966 <

ì Reduction to Binary Results

As we can see, the methodology we have used above  reduces to the standard binary result for 
parallel and series systems:

distlist2 = {BinaryCDF[x,0.4], BinaryCDF[x,0.8],
             BinaryCDF[x,0.9]};

1-P[distlist2,x->0]

0.988

1-(1-0.4)*(1-0.8)*(1-0.9)

0.988

The first expression gave us the probability of being in state 0, which is why we had to subtract 

one from it to get the probability of being in state one.  Of course, 1-(1-p1)(1-p2)(1-p3) is the well 
known result for the probability of a binary parallel system being in state 1 when the probability of 
each of its components being in state 1 is pi.

Here is the analogous demonstration for series systems.

1-S[distlist2,x->0]

0.288

0.4*0.8*0.9

0.288



ì Sample Problem 2

This problem will be considerably more complex.  We will consider a system with 20 components, 
each with a different distribution.  Some of the distributions will be continuous, some will be 
discrete, some will be binary, and some will be mixed.  Please see attached sheet for a diagram of 

this system.  Note that the reliability block diagram form for "parallel" is used when the structure 
function module for those components is Maximum, and the reliability block diagram form for 

"series" is used when the structure function module for those components is Minimum.

Here is the list containing the distributions of the components:

d={BinaryCDF[x,0.5],
   UniformMixedCDF[x,0.2,0.3],
   TruncatedCDF[x,ChiDistribution[1]],
   BinaryCDF[x,0.432],
   BinaryCDF[x,0.643],
   UniformMixedCDF[x,0.05,0.48],
   TruncatedCDF[x,NormalDistribution[0.52,0.2]],
   TruncatedCDF[x,BetaDistribution[0.7,0.31]],
   TruncatedCDF[x,CauchyDistribution[0.3,2]],
   TruncatedCDF[x,ChiSquareDistribution[1]],
   TruncatedCDF[x,ExponentialDistribution[2]],
   TruncatedCDF[x,ExtremeValueDistribution[0.6,3]],
   TruncatedCDF[x,FRatioDistribution[5,7]],
   TruncatedCDF[x,GammaDistribution[0.8,0.3]],
   TruncatedCDF[x,LaplaceDistribution[0.2,0.238]],
   TruncatedCDF[x,LogNormalDistribution[0.2,1]],
   TruncatedCDF[x,LogisticDistribution[0.222,0.6]],
   TruncatedCDF[x,RayleighDistribution[1]],
   TruncatedCDF[x,StudentTDistribution[4]],
   TruncatedCDF[x,WeibullDistribution[.4,.9]]};

Here we define the structure function for the system, breaking it up into three modules for clarity:

moda=S[{P[{P[{S[{d[[1]],d[[2]]}],d[[3]]}],
         S[{P[{d[[6]],d[[7]]}],d[[4]],d[[5]]}]}],
        d[[8]]}];

modb=S[{d[[18]],P[{d[[19]],d[[20]]}]}];

modc=S[{P[{d[[16]],d[[17]]}],d[[15]]}];

modd=S[{P[{S[{d[[12]],d[[13]]}],d[[11]],d[[14]]}],
        d[[9]],d[[10]]}];

sys=P[{modb,S[{modc,P[{modd,moda}]}]}];

Here is the computed CDF for the system, based on the above distributions and structure function:



sys=(1-(1-TruncatedCDF[x,RayleighDistribution[1]])*
     (1-TruncatedCDF[x,StudentTDistribution[4]]*
        TruncatedCDF[x,WeibullDistribution[0.4,0.9]]))*
  (1-(1-TruncatedCDF[x, 
        LaplaceDistribution[0.2,0.238]])*
     (1-TruncatedCDF[x,LogisticDistribution[0.222,0.6]]*
        TruncatedCDF[x,LogNormalDistribution[0.2,1]])*
     (1-(1-(1-TruncatedCDF[x, 
              CauchyDistribution[0.3,2]])*
           (1-TruncatedCDF[x,ChiSquareDistribution[1]])*
           (1-TruncatedCDF[x,ExponentialDistribution[2]]*
              (1-(1-TruncatedCDF[x, 
                    ExtremeValueDistribution[0.6,3]])*
                 (1-TruncatedCDF[x, 
                    FRatioDistribution[5,7]]))*
              TruncatedCDF[x,GammaDistribution[0.8,0.3]]))*
        (1-(1-TruncatedCDF[x, 
              BetaDistribution[0.7,0.31]])*
           (1-TruncatedCDF[x,ChiDistribution[1]]*
              (1-(1-BinaryCDF[x,0.4320000000000001])*
                 (1-BinaryCDF[x,0.643])*
                 (1-TruncatedCDF[x, 
                     NormalDistribution[0.5200000000000001, 
                     0.2]]*UniformMixedCDF[x,0.05,0.48]))*
              (1-(1-BinaryCDF[x,0.5])*
                 (1-UniformMixedCDF[x,0.2,0.3]))))));

The Probability the System is in State 0:

sys /. x->0

0

The Probability the System is in State 1

1-(sys /. x->(1-$MachineEpsilon))

0.287569

The Probability that the Components are in State 0

N[d /. x->0,5]

80.5, 0.2, 0, 0.568, 0.357, 0.05, 0.0046612 , 0, 0.45261 , 0,

0, 0.29482 , 0, 0, 0.21578 , 0, 0.40854 , 0, 0.5, 0<

The Probabibility that the Components are in State 1



N[1-(d /. x->(1-$MachineEpsilon)),5]

80.5, 0.3, 0.31731 , 0.432, 0.643, 0.48, 0.0081975 ,

0.000012004 , 0.39283 , 0.31731 , 0.13534 , 0.58321 , 0.48129 ,

0.022972 , 0.017344 , 0.57926 , 0.21473 , 0.60653 , 0.18695 , 0.35238 <

Here is a list of the components which have a zero probability of being in state 0.  It should be 
noted that if the system diagram is thought of as being one for a binary system, and if all the 

components in any minimal cut are such that the probability of those components being in state 0 
is 0, then the probability that the system is in state 0 is 0.

Flatten[Position[d /. x->0, 0]]

83, 8, 10, 11, 13, 14, 16, 18, 20<

Note from the attached diagram that one minimal cut set to this system, if we are thinking of it in a  

binary sense, is the set {8, 10, 18}.  The probabilities that each of these components is 0 is 0, so 
the probability that the system is in state 0 is 0.

Here is a plot of the CDF for this system:

Plot[sys,{x,0,1.03}];
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Here is a plot of 1-CDF, the "Reliability" for this system at this particular moment in time.  Note 
the non-zero probability of being in state 1, as evidenced by the discontinuity in the graph at x=1.

ì Reliability Measures for Sample Problem 2

Now that we have the CDF for the system, any number of reliability measures may be calculated 
for the system.  We start with the probability of the system being in or above any particular state:



Plot[1-sys,{x,0,1.01},PlotRange->{0,1}];

0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

It would also be helpful to define a function which returns R(x) for any value of x:

RSystem[cdf_, rule_] := (1-cdf) /. rule

RSystem[sys, x->0.431]

0.645831

CDFMean[cdf_, x_] := NIntegrate[1-cdf,{x,0,Infinity}]

And compute the result.

CDFMean[sys,x]

0.613852

Thus, we find that the expected state of the system at this moment in time is 61% of its maximal 

state.



ì Dynamic Systems

Of course, any of these techniques may be applied to dynamic systems, for which the CDF’s for 
each of the components is some function of time.  One need only use the desired time based 
model. Let us assume a model for which the probability of being in the maximal state is some 

non-zero value (for each component), the probabibility of being in the minimal state is some 
non-zero value, and the remaining probability is evenly distributed between 0 and 1.  We will 

assume that the probability of the system being in its minimal state exponentially  increases, and 
the probability of the system being in its maximal state gradually increases.  We will assume a 

decay rate of 1 for the component 1, 2 for component 2, and 3 for component 3.  The probability 
of being in either of the two discrete states is 0.5.

d2={UniformMixedCDF[x,0.5(1-E^(-1t)),0.5E^(-1t)],
    UniformMixedCDF[x,0.5(1-E^(-2t)),0.5E^(-2t)],
    UniformMixedCDF[x,0.5(1-E^(-3t)),0.5E^(-3t)]};

Let’s graph the probabilities of being in either of the two discrete states for component one as a 

function of time:

Plot[Evaluate[{0.5 (1-E^(-1t)),0.5 E^(-1t)}],{t,0,4}];

1 2 3 4

0.1

0.2

0.3

0.4

0.5

Let’s consider a parallel system of these components:

sys2=P[d2];

Let’s examine the system CDF at a particular moment in time, let’s say at t=2.3.  Note the non-zero 

probabilities of the system being in either state 1 or state 2.



Plot[sys2 /. t->2.3, {x, 0, 1.1}];
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Let’s ask ourselves what the probability is of each of the components being in either of the discrete 

states at t=2.3:

The Probabibility that the Components are in State 0

N[d2 /. {x->0,t->2.3},5]

80.44987 , 0.49497 , 0.4995 <

The Probabibility that the Components are in State 1

N[1-(d2 /. {x->(1-$MachineEpsilon),t->2.3}),5]

80.050129 , 0.0050259 , 0.00050389 <

Since the system is in state 0 if all of the components is in state 0, we would predict the following 
as the probability of the system being in state 0 at this time:

Times @@ N[d2 /. {x->0,t->2.3},5]

0.111225

And since the system is in state 1 if any of the componets are in state 1, we would predict the 

following as the probability of the state of the system being 1 at this time:

1-(Times @@ (1-N[1-(d2 /. {x->(1-$MachineEpsilon),
   t->2.3}),5]))

0.0553796

Calculated from the computed CDF (note that the values are identical):



The Probability the System is in State 0:

sys2 /. {x->0,t->2.3}

0.111225

The Probability the System is in State 1

1-(sys2 /. {x->(1-$MachineEpsilon),t->2.3})

0.0553796

Let’s examine a three dimensional plot of the CDF of this system as a function of time.  Note that 

the final "jump" of this curve at x=1 has been omitted for clarity.

Plot3D[sys2, {x,0,1},{t,0,2.3},
       AxesLabel->{"x","t","F[x]"}];
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Here is the Reliability of the system at level x=0.431 and t=2.3

RSystem[sys2, {x->0.431,t->2.3}]

0.662001

And here is the expected state of the system at that time:

CDFMean[sys2 /. t->2.3,x]

0.563508



Thus, we find that the expected state of the system at this moment in time is 56% of its maximal 

state at t=2.3.

Now, let’s graph the expected state of the system as a function of time:

Plot[CDFMean[sys2 /. t->t0,x], {t0,0,5},
     PlotLabel->"E[X] as a Function of Time",
     PlotRange->{0,1},
     AxesLabel->{"Time","E[X]"}]
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As this graph leads one to believe, the mean state of this system approaches some value 
asymptotically as t->Infinity.  This limiting value may be computed directly as follows:

CDFMean[P[Table[UniformMixedCDF[x,0.5,0],{3}]],x]

0.53125

Here is a plot of the hazard function for this dynamic system, as a function of time:



Plot3D[CDFHazard[sys2, x, x0, t, t0], {x0,0,0.99999},
   {t0, 0, 5}, PlotLabel->"Hazard Function of sys2",
               AxesLabel->{"x0","t0"}]
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Automobile Example

È New Function Definition

discrete[sys_,fphi_,phi_] :=

Module[{ans,gfphi,gpprob,finans},

ans={GenAns[(sys[0][[1]]),x1,fphi],

     GenAns[(sys[0][[2]]),x2,fphi],

     GenAns[(sys[0][[3]]),x3,fphi],

     GenAns[(sys[0][[4]]),x4,fphi]};

gfphi=Transpose[First[ans]][[1]];

gpprob=Transpose[#][[2]]& /@ ans;

finans={gfphi,SystemFromDirectEnumeration[

   {gfphi,gfphi,gfphi,gfphi},phi,gfphi,gpprob]};

fi [fi ]

È System C

(* Definition *)

phiraw[x_] := Times @@ x

sys[t_] := {PDF[BetaDistribution[25/16,1],x1],

            PDF[BetaDistribution[25/16,1],x2],

            PDF[BetaDistribution[25/16,1],x3],

PDF[BetaDistribution[25/16 1] x4]}

(* Binary {0,1} *)

phib[x_] := phiround[x,phiraw,{0,1}]

discrete[sys,{0,1/2,1},phib]

0.191404

(* Discrete {0,1/4,1/2,3/4,1} *)

phi[x_] := phiround[x,phiraw,{0,1/4,1/2,3/4,1}]

discrete[sys,{0,1/8,3/8,5/8,7/8,1},phi]

0.12204

(* Continuous *)



NIntegrate[x1 sys[0][[1]],{x1,0,1}]*
NIntegrate[x2 sys[0][[2]],{x2,0,1}]*
NIntegrate[x3 sys[0][[3]],{x3,0,1}]*
NIntegrate[x4 sys[0][[4]],{x4,0,1}]

0.138237

È System D

(* Definition *)

phiraw[x_] := (Log[x[[1]]+1]/Log[2])*
                     ((E^x[[2]]-1)/(E-1))*
                  (x[[3]]^4)*(Sqrt[x[[4]]])// N

sys[t_] := {TruncatedPDF[x1,
               NormalDistribution[0.75,0.2]],
            TruncatedPDF[x2,
               NormalDistribution[0.75,0.2]],
            TruncatedPDF[x3,
               NormalDistribution[0.75,0.2]],
            TruncatedPDF[x4,
               NormalDistribution[0.75,0.2]]}

(* Binary {0,1} *)

phib[x_] := phiround[x,phiraw,{0,1}]

discrete[sys,{0,1/2,1},phib]

0.605048

(* Discrete {0,1/4,1/2,3/4,1} *)

phi[x_] := phiround[x,phiraw,{0,1/4,1/2,3/4,1}]

discrete[sys,{0,1/8,3/8,5/8,7/8,1},phi]

0.129745

(* Continuous *)

NIntegrate[(Log[x1+1]/Log[2]) sys[0][[1]],{x1,0,1}]*
NIntegrate[((E^x2-1)/(E-1)) sys[0][[2]],{x2,0,1}]*
NIntegrate[(x3^4) sys[0][[3]],{x3,0,1}]*
NIntegrate[(Sqrt[x4]) sys[0][[4]],{x4,0,1}]

0.131736



È System E

(* Definition *)

phiraw[x_] :=  (Log[x[[1]]+1]/Log[2]/4)+
                   ((E^x[[2]]-1)/(E-1)/4)+
                   ((x[[3]]^10)/4)+
                   (Sqrt[x[[4]]]/4) // N

sys[t_] := {TruncatedPDF[x1,
              NormalDistribution[0.1,0.1]],
            TruncatedPDF[x2,
              NormalDistribution[0.1,0.1]],
            2 (1-x3),
            TruncatedPDF[x4,
              NormalDistribution[0.1,0.1]]}

(* Binary {0,1} *)

phib[x_] := phiround[x,phiraw,{0,1}]

discrete[sys,{0,1/2,1},phib]

1.06279 � 10-9

(* Discrete {0,1/4,1/2,3/4,1} *)

phi[x_] := phiround[x,phiraw,{0,1/4,1/2,3/4,1}]

discrete[sys,{0,1/8,3/8,5/8,7/8,1},phi]

0.1194

(* Continuous *)

NIntegrate[(Log[x1+1]/Log[2]/4) sys[0][[1]],{x1,0,1}]+
NIntegrate[((E^x2-1)/(E-1)/4) sys[0][[2]],{x2,0,1}]+
NIntegrate[((x3^10)/4) sys[0][[3]],{x3,0,1}]+
NIntegrate[(Sqrt[x4]/4) sys[0][[4]],{x4,0,1}]

0.151749



È System F

(* Definition *)

phiraw[x_] := 
   x[[1]]^2 x[[2]]^4 x[[3]]^(1/2) x[[4]]^(1/8)

sys[t_] := {TruncatedPDF[x1,
              WeibullDistribution[3/2,2]],
            TruncatedPDF[x2,
              WeibullDistribution[3,4]],
            TruncatedPDF[x3,
              WeibullDistribution[2,5]],
            TruncatedPDF[x4,
              WeibullDistribution[6,3]]}

(* Binary {0,1} *)

phib[x_] := phiround[x,phiraw,{0,1}]

discrete[sys,{0,1/2,1},phib]

0.388768

(* Discrete {0,1/4,1/2,3/4,1} *)

phi[x_] := phiround[x,phiraw,{0,1/4,1/2,3/4,1}]

discrete[sys,{0,1/8,3/8,5/8,7/8,1},phi]

0.144999

(* Continuous *)

NIntegrate[x1^2 sys[0][[1]],{x1,0,1}]*
NIntegrate[x2^4 sys[0][[2]],{x2,0,1}]*
NIntegrate[x3^(1/2) sys[0][[3]],{x3,0,1}]*
NIntegrate[x4^(1/8) sys[0][[4]],{x4,0,1}]

0.133113



Bicycle Example

È Function Definitions

discrete[sys_,x1_,x2_,fphi_,time_,phi_] :=

Module[{ans,gfphi,gpprob,finans},

ans={GenAns[(sys[time][[1]]),x1,fphi],

     GenAns[(sys[time][[2]]),x2,fphi]};

gfphi=Transpose[First[ans]][[1]];

gpprob=Transpose[#][[2]]& /@ ans;

finans=Transpose[{gfphi,SystemFromDirectEnumeration[

   {gfphi,gfphi},phi3,gfphi,gpprob]}];

contavg[time_,sys_,phi_] := NIntegrate[phi[{x1,x2}]*

(Times @@ sys[time]),{x1,0,1},{x2,0,1}]

sdcontavg[time_,sys_,data_] := Module[{datac},

   datac=MultiQuadricC[data];

NIntegrate[MultiQuadric[{x1,x2},data,datac]*

(Times @@ sys[time]) {x1 0 1} {x2 0 1}]]

È Common Information

phi[x_] := Times @@ x

phi3[x_] := phiround[x,phi,{0,3/8,5/8,1}]

phi4[x_] := phiround[x,phi,{0,1}]



test2={{{0, 0}, 0}, {{1, 1}, 1}, 

  {{0.4921976512515784, 0.6567022718937255}, 

   0.3232273157976671}, 

  {{0.4318405796090456, 0.916524025621182}, 

   0.395792266449867}, 

  {{0.1817978201605658, 0.01905256469642804}, 

   0.00346371473027877}, 

  {{0.0875176290939841, 0.4669830661251967}, 

   0.0408692507743164}, 

  {{0.5301873141694764, 0.822623711486269}, 

   0.4361446561650311}, 

  {{0.5282877576882771, 0.983386652896693}, 

   0.5195111297993741}, 

  {{0.0813181165792199, 0.4985288836434664}, 

   0.04053942987822774}, 

  {{0.05026429468732048, 0.5640697638801792}, 

   0.02835256883588061}, 

  {{0.2926663140648067, 0.3993713978357307}, 

   0.1168825549474928}, 

  {{0.2748510578765808, 0.5112077448767638}, 

   0.1405059894740797}, 

  {{0.1254410738042156, 0.1499798419835248}, 

   0.01881363242739993}, 

  {{0.949182608156626, 0.3951977675322207}, 

   0.3751148477239091}, 

  {{0.6332434225526374, 0.4932775700897993}, 

   0.3123647767521129}, 

  {{0.5173420285475804, 0.4786737419110386}, 

0 2476380446527176}

È Systems

sysa[t_] := {TruncatedPDF[x1,
               NormalDistribution[E^(-3/10 t) // N,
             -(E^(-3/10 t)-1/2)^2+1/4+1/10 // N]],
             TruncatedPDF[x2,
               NormalDistribution[E^(-5/10 t) // N,
             -(E^(-5/10 t)-1/2)^2+1/4+1/10 // N]]};

sysb[t_] := {TriangularPDF[x1,4/5],
             TriangularPDF[x2,4/5]};

sysc[t_] := {PDF[BetaDistribution[25/16,1],x1],
             PDF[BetaDistribution[25/16,1],x2]};



È Expected System States - A

contavg[1,sysa,phi]

0.361647

sdcontavg[1,sysa,test2]

0.368992

discrete[sysa,x1,x2,{0,1/4,1/2,3/4,1},1,phi3]

0.404406

discrete[sysa,x1,x2,{0,1/2,1},1,phi4]

0.448679

È Expected System States - B

contavg[1,sysb,phi]

0.36

sdcontavg[1,sysb,test2]

0.365522

discrete[sysb,x1,x2,{0,1/4,1/2,3/4,1},1,phi3]

0.411163

discrete[sysb,x1,x2,{0,1/2,1},1,phi4]

0.472656

È Expected System States - C

contavg[1,sysc,phi]

0.371802

sdcontavg[1,sysc,test2]

0.380515



discrete[sysc,x1,x2,{0,1/4,1/2,3/4,1},1,phi3]

0.411276

discrete[sysc,x1,x2,{0,1/2,1},1,phi4]

0.437498



Continuous Bounds Calculations
Note: Some groups of cells have been "closed" in this notebook for space.  Feel free to open them when

reading this notebook in Mathematica.

È Examples 1 and 2 (n=2)

f={1,1};

inp={{{0,0},0},{{0,1/2},1/2},{{1/2,0},1/2},

{{1/2,1/2},3/4},{{1,1},1}};

f2  = {TruncatedPDF[x,WeibullDistribution[3/2,2]],

TruncatedPDF[x,WeibullDistribution[3,4]]}

f2c  = {NonTruncatedCDF[x,WeibullDistribution[3/2,2]],

NonTruncatedCDF[x,WeibullDistribution[3,4]]}

f2in  =TruncatedPDF[x1,WeibullDistribution[3/2,2]]*

TruncatedPDF[x2,WeibullDistribution[3,4]]

ì Data Sets



È Pictures (Example 1/2, n=2)

ì Example 1

Plot3D[PhiMax[{x1,x2},inp],{x1,0,1},{x2,0,1},

 AxesLabel->{Subscript[x,1],Subscript[x,2],"smax(x)"},

PlotRange->{{0 1} {0 1} {0 1}}]
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Plot3D[PhiMin[{x1,x2},inp],{x1,0,1},{x2,0,1},
 AxesLabel->{Subscript[x,1],Subscript[x,2],"smin(x)"},
 PlotRange->{{0,1},{0,1},{0,1}}]
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ì Example 2

Plot3D[PhiMax[{x1,x2},test2],{x1,0,1},{x2,0,1},
 AxesLabel->{Subscript[x,1],Subscript[x,2],"smax(x)"},
 PlotRange->{{0,1},{0,1},{0,1}}]
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Plot3D[PhiMin[{x1,x2},test2],{x1,0,1},{x2,0,1},
 AxesLabel->{Subscript[x,1],Subscript[x,2],"smin(x)"},
 PlotRange->{{0,1},{0,1},{0,1}}]
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Plot3D[PhiMax[{x1,x2},test2b],{x1,0,1},{x2,0,1},
 AxesLabel->{Subscript[x,1],Subscript[x,2],"smax(x)"},
 PlotRange->{{0,1},{0,1},{0,1}}]
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Plot3D[PhiMin[{x1,x2},test2b],{x1,0,1},{x2,0,1},
 AxesLabel->{Subscript[x,1],Subscript[x,2],"smin(x)"},
 PlotRange->{{0,1},{0,1},{0,1}}]
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Plot3D[PhiMax[{x1,x2},test2c],{x1,0,1},{x2,0,1},
 AxesLabel->{Subscript[x,1],Subscript[x,2],"smax(x)"},
 PlotRange->{{0,1},{0,1},{0,1}}]
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Plot3D[PhiMin[{x1,x2},test2c],{x1,0,1},{x2,0,1},
 AxesLabel->{Subscript[x,1],Subscript[x,2],"smin(x)"},
 PlotRange->{{0,1},{0,1},{0,1}}]
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Plot3D[PhiMax[{x1,x2},test2d],{x1,0,1},{x2,0,1},
 AxesLabel->{Subscript[x,1],Subscript[x,2],"smax(x)"},
 PlotRange->{{0,1},{0,1},{0,1}}]
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Plot3D[PhiMin[{x1,x2},test2d],{x1,0,1},{x2,0,1},
 AxesLabel->{Subscript[x,1],Subscript[x,2],"smin(x)"},
 PlotRange->{{0,1},{0,1},{0,1}}]
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Plot3D[PhiMax[{x1,x2},test2e],{x1,0,1},{x2,0,1},
 AxesLabel->{Subscript[x,1],Subscript[x,2],"smax(x)"},
 PlotRange->{{0,1},{0,1},{0,1}}]
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Plot3D[PhiMin[{x1,x2},test2e],{x1,0,1},{x2,0,1},
 AxesLabel->{Subscript[x,1],Subscript[x,2],"smin(x)"},
 PlotRange->{{0,1},{0,1},{0,1}}]
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Plot3D[PhiMax[{x1,x2},test2f],{x1,0,1},{x2,0,1},
 AxesLabel->{Subscript[x,1],Subscript[x,2],"smax(x)"},
 PlotRange->{{0,1},{0,1},{0,1}}]
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Plot3D[PhiMin[{x1,x2},test2f],{x1,0,1},{x2,0,1},
 AxesLabel->{Subscript[x,1],Subscript[x,2],"smin(x)"},
 PlotRange->{{0,1},{0,1},{0,1}}]
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Plot3D[Max[{x1,x2}],{x1,0,1},{x2,0,1},
 AxesLabel->{Subscript[x,1],Subscript[x,2],"max(x)"}]
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NIntegrate[Max[{x1,x2}],{x1,0,1},{x2,0,1}]

0.666667

È Misc Verifications (Examples 1 and 2)

ì Example 1

Bounds2[inp,f]

80.4375 , 0.9375 <

ì Example 2

Bounds2[test2,f]

80.503475 , 0.805656 <

NIntegrate[PhiMin[{x1,x2},test2],
   {x1,0,1},{x2,0,1}]

0.503117

NIntegrate[PhiMax[{x1,x2},test2],
   {x1,0,1},{x2,0,1}]

0.805417

Bounds2[test2,f2c,0]

80.704411 , 0.927995 <

Bounds2[test2b,f2c,0]

80.725887 , 0.866069 <

Bounds2[test2c,f2c,0]

80.753227 , 0.851401 <

Bounds2[test2d,f2c,0]

80.776228 , 0.846707 <

Bounds2[test2e,f2c,0]

80.782112 , 0.844489 <



Bounds2[test2f,f2c,0]

80.783856 , 0.84045 <

NIntegrate[f2in*PhiMax[{x1,x2},test2],
   {x1,0,1},{x2,0,1}]

0.927716

NIntegrate[f2in*PhiMin[{x1,x2},test2],
   {x1,0,1},{x2,0,1}]

0.703564

NIntegrate[f2in*Max[{x1,x2}],{x1,0,1},{x2,0,1}]

0.810897

È Example 2 RMS Error Calculations

phi2[x_] := Max[x]

PhiMinRMSError[test2,phi2,10]

0.298629

PhiMaxRMSError[test2,phi2,10]

0.164497

È Example 3 (n=4)

sysi = {TruncatedPDF[x,WeibullDistribution[3/2,2]],
       TruncatedPDF[x,WeibullDistribution[3,4]],
       PDF[BetaDistribution[25/16,1],x],
       TruncatedPDF[x,NormalDistribution[0.75,0.2]]}

sysic = {NonTruncatedCDF[x,WeibullDistribution[3/2,2]],
       NonTruncatedCDF[x,WeibullDistribution[3,4]],
       CDF[BetaDistribution[25/16,1],x],
       NonTruncatedCDF[x,NormalDistribution[0.75,0.2]]}

sysin =TruncatedPDF[x1,WeibullDistribution[3/2,2]]*
       TruncatedPDF[x2,WeibullDistribution[3,4]]*
       PDF[BetaDistribution[25/16,1],x3]*
       TruncatedPDF[x4,NormalDistribution[0.75,0.2]]

ì Data Set "data"...



È Misc Verifications (Example 3)

Bounds2[data[[1,{1,2,3}]],{1,1,1,1}]

80.0141986 , 0.980771 <

1-(Times @@ data[[1,3,1]])*(1-data[[1,3,2]])

0.980771

Bounds2[data[[1,{1,2,3}]],sysi]

80.0690306 , 0.999928 <

Bounds2[data[[1]],sysic,0]

80.377211 , 0.973481 <

Bounds2[data[[2]],sysic,0]

{0.285189, 0.968605}

Bounds2[data[[3]],sysic,0]

{0.190256, 0.951458}



Discrete Bounds Calculations

È Discrete Bounds Example

First, we define the system:

phi[x_] := Select[systab,#[[1]]==x &,1][[1,2]]

fphi = Range[0,5]

80, 1, 2, 3, 4, 5<

p = {Range[0,5], Range[0,4]}

880, 1, 2, 3, 4, 5<, 80, 1, 2, 3, 4<<

systab =    {{{0,0},0},

             {{1,0},0},

             {{2,0},1},

             {{3,0},1},

             {{4,0},1},

             {{5,0},1},

             {{0,1},0},

             {{1,1},0},

             {{2,1},2},

             {{3,1},2},

             {{4,1},2},

             {{5,1},2},

             {{0,2},0},

             {{1,2},3},

             {{2,2},3},

             {{3,2},3},

             {{4,2},3},

             {{5,2},3},

             {{0,3},0},

             {{1,3},3},

             {{2,3},4},

             {{3,3},4},

             {{4,3},4},

             {{5,3},5},

             {{0,4},0},

             {{1,4},3},



We now assume that we have knowledge of only SOME of the structure function values:

systab2 =   {{{0,0},0},
             {{2,0},1},
             {{5,1},2},
             {{5,2},3},
             {{0,3},0},
             {{1,3},3},
             {{3,3},4},
             {{5,3},5},
             {{0,4},0},
             {{5,4},5}};

Now we compare the structure function graph of the "true" structure function to the upper and 
lower bounds on it created from knowledge of the "reduced set" only:

<<Graphics‘Graphics3D‘

BarChart3D[Table[phi[{x1,x2}],{x1,0,5},{x2,0,4}],
   ViewPoint->{-1.819,-2.233, 1.775},
   AxesLabel->{"x1","x2"},
   PlotLabel->"phi[x]"]
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BarChart3D[Table[PhiMin[{x1,x2},systab2],
              {x1,0,5},{x2,0,4}],
   ViewPoint->{-1.819,-2.233, 1.775},
   AxesLabel->{"x1","x2"},
   PlotLabel->"phi[x]"]
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BarChart3D[Table[PhiMax[{x1,x2},systab2],
              {x1,0,5},{x2,0,4}],
   ViewPoint->{-1.819,-2.233, 1.775},
   AxesLabel->{"x1","x2"},
   PlotLabel->"phi[x]"]
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Now let’s assume that each of the states of each component has the following probability of 
occurring:

pprob = {{0.1,0.2,0.3,0.2,0.15,0.05},
         {0.2,0.2,0.3,0.1,0.2}};

Here are the probabilities of the SYSTEM being in any of its possible states (from 0 to 5), for both 
the full set and our bounds on the reduced set:

anse=SystemFromDirectEnumeration[p,phi,fphi,pprob]

80.18, 0.14, 0.14, 0.33, 0.165, 0.045<



ansl=SystemFromDirectEnumerationLow[p,
      systab2,fphi,pprob]

80.24, 0.465, 0.01, 0.165, 0.105, 0.015<

ansh=SystemFromDirectEnumerationHigh[p,
      systab2,fphi,pprob]

80.1, 0.1, 0.26, 0.29, 0.05, 0.2<

Hence, we have the following limits on the reliability (here, expected state) of the system based on 

the reduced set:

{ansl,ansh} . fphi

81.475, 2.69<

This may be compared to the "true" value, based on complete knowledge of the entire structure 
function:

anse . fphi

2.295

È Reduced Boundary Point Sets

We now turn to the question of what should be done if knowledge of the boundary point sets 

(paths and cuts, in the binary case) is not complete.

First, let’s consider a system that in reality is a series arrangement of four binary components.  The 
four minimal cuts for such a system is as follows:

cuts={{1},{2},{3},{4}};

We now write this in "boundary point" form, for consistency with multistate calculations:

ubps=UBPFromCuts[cuts,4]

8880, 1, 1, 1<, 0, Upper, Real<, 881, 0, 1, 1<, 0, Upper, Real<,

881, 1, 0, 1<, 0, Upper, Real<, 881, 1, 1, 0<, 0, Upper, Real<<

Here is a table of the structure function value for all possible values of the components:

sysarray[ubps_List] :=
{#,SystemStateFromUBP[ubps,{0,1},#]}& /@ 
(Apply[List,Flatten[Array[Unique[],
   Table[2,{Length[ubps[[1,1]]]}]]],2]-1)



ubps

8880, 1, 1, 1<, 0, Upper, Real<, 881, 0, 1, 1<, 0, Upper, Real<,

881, 1, 0, 1<, 0, Upper, Real<, 881, 1, 1, 0<, 0, Upper, Real<<

sysarray[ubps]

8880, 0, 0, 0<, 0<, 880, 0, 0, 1<, 0<, 880, 0, 1, 0<, 0<,

880, 0, 1, 1<, 0<, 880, 1, 0, 0<, 0<, 880, 1, 0, 1<, 0<,

880, 1, 1, 0<, 0<, 880, 1, 1, 1<, 0<, 881, 0, 0, 0<, 0<,

881, 0, 0, 1<, 0<, 881, 0, 1, 0<, 0<, 881, 0, 1, 1<, 0<,

881, 1, 0, 0<, 0<, 881, 1, 0, 1<, 0<, 881, 1, 1, 0<, 0<,

881, 1, 1, 1<, 1<<

Now let’s consider the case where one of the paths (corresponding to the minimal cut consisting of 
component 2) is missing:

sysarray[Drop[ubps,{2}]]

8880, 0, 0, 0<, 0<, 880, 0, 0, 1<, 0<, 880, 0, 1, 0<, 0<,

880, 0, 1, 1<, 0<, 880, 1, 0, 0<, 0<, 880, 1, 0, 1<, 0<,

880, 1, 1, 0<, 0<, 880, 1, 1, 1<, 0<, 881, 0, 0, 0<, 0<,

881, 0, 0, 1<, 0<, 881, 0, 1, 0<, 0<, 881, 0, 1, 1<, 1<,

881, 1, 0, 0<, 0<, 881, 1, 0, 1<, 0<, 881, 1, 1, 0<, 0<,

881, 1, 1, 1<, 1<<

Note that this structure function is still coherent, and if we did not know in advance that a cut was 

absent we would have no way of telling this based upon the results we obtained from our reduced 
cut set.  This suggests that, unlike the scattered-data case where it is CLEAR what is missing and 

that our input data is incomplete, in cases where boundary points are missing strong assumptions 
would have to be made about what is missing in order to take that fact into account.  Attempting 

this may be of questionable value.

One exception to this may be a multistate case where boundary points are not given for any level 
below some level k.  In this case, we may reasonably take this to mean that levels of performance 

for the system below level k are not of interest to the customer, and to set the system state 
associated with any component less than (in the vector-comparison sense) any of the lower 

boundary points of level k to zero.



Terje Aven Example

È Introduction

This example follows one given in T. Aven, "On performance measures for multistate monotone 

systems", Reliability Engineering and System Safety, vol 41, 1993, pp 259-266.

ì System Definition

First, we define the system under consideration, using the given information:

p = { {0,1}, {0,1}, {0,1,2} };

phi[x_] := Min[ x[[1]] + x[[2]], x[[3]] ]

fphi = {0,1,2};

pprob = {{0.04,0.96}, {0.04,0.96}, {0.01,0.02,0.97}};

ì System Distribution Calculation

Now, using the given information, we calculate the distribution of the entire system.  The answer 

provided below is in the form of {P[phi=0], P[phi=1], P[phi=2]}.

ans = SystemFromDirectEnumeration[p, phi, fphi, pprob]

80.011584 , 0.094464 , 0.893952 <

To check our work against the text, we request this answer in the form of {P[phi>=0], P[phi>=1], 

P[phi>=2]}.



PToQ[ans]

81, 0.988416, 0.893952 <

As a further check, we calculate the same system based on the given minimal paths (lower 

boundary points), and check that the same results are turned as when the structure function was 
used directly.

lbps = {{{1,1,2}, 2, "Lower", "Real"},
        {{0,1,1}, 1, "Lower", "Real"},
        {{1,0,1}, 1, "Lower", "Real"}};

SystemFromLBPInclusionExclusion[p,
   lbps,fphi,pprob]==ans

True

Now, we assemble the system matrix which is utilized by succeeding reliability measures

sys = SystemMatrix[fphi, ans]

880, 0.011584 <, 81, 0.094464 <, 82, 0.893952 <<

ì Reliability Measure Calculation

ì Expected State

First, we calculate the expected state of the system, scaled by the maximal state of the system

maxstate = First[Last[sys]];

ExpectedState[sys] / maxstate

0.941184

ì Lost Output

According to the problem statement, we wish to consider a time period of one year, where the 
desired time unit is hours.  Thus, we shall perform these computations with the target time t* = 

8760.

ì Expected Value

First, we calculate the expected lost output for any time in the future t*.



elo = ExpectedLostOutput[sys, t, tstar]

0.117632 tstar

Now, we calculate this measure for a particular value of t*, that is the customer’s time of interest, 

t*=8760.

elo /. tstar->8760

1030.46

ì Variance

We can calculate an upper bound for the variance of this result, based on the use of Schwartz’s 
inequality.

voou = VarianceOfOutputUB[sys, t, 8760]

9.74281 � 106

The standard deviation is thus (in hours):

Sqrt[voou]

3121.35



IEEE Paper Calculations

È Function Definitions

Ex3Calc[sys_,data_,rsq_:(1/2),ag_:2] := Module[{datac},

 datac=MultiQuadricC[data,rsq];

 NIntegrate[MultiQuadric[{x1,x2,x3,x4},data,datac,rsq]*

  (Times @@ sys), {x1,0,1},{x2,0,1},{x3,0,1},{x4,0,1},

l il d l ]]

È Example 1

inp={{{0,0},0},{{0,1/2},1/2},{{1/2,0},1/2},

{{1/2,1/2},3/4},{{1,1},1}};

inpc=MultiQuadricC[inp,1/6]

82.03356, -0.80133, -0.80133, -0.241413, 0.272716<



Show[Plot3D[MultiQuadric[{x1,x2},inp,inpc,1/6],

       {x1,0,1},{x2,0,1},

           DisplayFunction->Identity],

     Graphics3D[Point /@ Flatten /@ inp,

           DisplayFunction->Identity],

     DisplayFunction->$DisplayFunction,

     AxesLabel->{Subscript[x,1],

                 Subscript[x,2],

"s(x)"}]
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È Example 2

phi2[x_] := Max[x]



Plot3D[phi2[{x1,x2}],{x1,0,1},{x2,0,1},
   AxesLabel->{Subscript[x,1],Subscript[x,2],
      Max[Subscript[x,1],Subscript[x,2]]}]
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ì test2 data

test2={{{0, 0}, 0}, {{1, 1}, 1}, 
  {{0.05382814230747877, 0.5269933099816168}, 
   0.5269933099816168}, 
  {{0.919453745115708, 0.745936810438473}, 
   0.919453745115708}, 
  {{0.07700710503691687, 0.5360976784253796}, 
   0.5360976784253796}, 
  {{0.4839118816503948, 0.01681316095999332}, 
   0.4839118816503948}, 
  {{0.2600614719159675, 0.846481126833969}, 
   0.846481126833969}, 
  {{0.1739922019402756, 0.7211021773922957}, 
   0.7211021773922957}, 
  {{0.2188129353828022, 0.7736049138734915}, 
   0.7736049138734915}, 
  {{0.7529625079372377, 0.1613917491155758}, 
   0.7529625079372377}, 
  {{0.2389423683429295, 0.5249468545903034}, 
   0.5249468545903034}, 
  {{0.4831361478896971, 0.779426955843833}, 
   0.779426955843833}, 
  {{0.1907266505849009, 0.06138568074620764}, 
   0.1907266505849009}, 
  {{0.836819888375213, 0.1667087053726033}, 
   0.836819888375213}, 
  {{0.1368985082774221, 0.5343923707645909}, 
   0.5343923707645909}, 
  {{0.917366143259505, 0.4207718949341304}, 
   0.917366143259505}, 
  {{0.05989140324050526, 0.998294692339211}, 
   0.998294692339211}, 
  {{0.4334542616091103, 0.4039587339741371}, 
   0.4334542616091103}};

test2c=MultiQuadricC[test2,1/6]

84.16814 , 0.778698 , -25.6014 , 0.300392 , 24.6319 , -0.34898 ,

-5.33281 , -6.17273 , 11.4533 , -5.67398 , -16.3528 , -0.248098 ,

-3.27014 , 4.63301 , 11.1447 , -2.23432 , -0.440217 , 9.2096 <



Show[Plot3D[MultiQuadric[{x1,x2},test2,test2c,1/6],
       {x1,0,1},{x2,0,1},
           DisplayFunction->Identity],
     Graphics3D[Point /@ ((Flatten /@ test2)+
        Table[{0,0,0.01},{Length[test2]}]),
           DisplayFunction->Identity],
     DisplayFunction->$DisplayFunction,
     AxesLabel->{Subscript[x,1],Subscript[x,2],
                 "s(x)"}]
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MultiQuadricRMSError[test2,phi2,10,1/6]

0.024003

ShepardRMSError[test2,phi2,10]

0.10636

theo=NIntegrate[Max[{x1,x2}],{x1,0,1},{x2,0,1}]

0.666667

ans=NIntegrate[MultiQuadric[{x1,x2},test2,test2c,1/6],
    {x1,0,1},{x2,0,1}]

0.66521



Abs[1-ans/theo]

0.00218459

MultiQuadricRMSError[test2,phi2,10,0.22]

0.0238958



ì test3 data

test3={{{0, 0}, 0}, {{0.002290222063174745, 
    0.361890337628408}, 0.361890337628408}, 
  {{0.05382814230747877, 0.5269933099816168}, 
   0.5269933099816168}, 
  {{0.05989140324050526, 0.998294692339211}, 
   0.998294692339211}, 
  {{0.07700710503691687, 0.5360976784253796}, 
   0.5360976784253796}, 
  {{0.1288260893700694, 0.2054324240068765}, 
   0.2054324240068765}, 
  {{0.1368985082774221, 0.534392370764591}, 
   0.534392370764591}, 
  {{0.1441739471281251, 0.3365323130588904}, 
   0.3365323130588904}, 
  {{0.1739922019402756, 0.7211021773922957}, 
   0.7211021773922957}, 
  {{0.1858624062833268, 0.5022053753849117}, 
   0.5022053753849117}, 
  {{0.1907266505849009, 0.06138568074620764}, 
   0.1907266505849009}, 
  {{0.2188129353828022, 0.7736049138734915}, 
   0.7736049138734915}, 
  {{0.2389423683429295, 0.5249468545903035}, 
   0.5249468545903035}, 
  {{0.2491451016095178, 0.1190804460287405}, 
   0.2491451016095178}, 
  {{0.2600614719159675, 0.846481126833969}, 
   0.846481126833969}, 
  {{0.2754760526305477, 0.7214151103017512}, 
   0.7214151103017512}, 
  {{0.347855773201758, 0.1698734038050016}, 
   0.347855773201758}, 
  {{0.4116506311730054, 0.782468090275657}, 
   0.782468090275657}, 
  {{0.4334542616091104, 0.4039587339741371}, 
   0.4334542616091104}, 
  {{0.4350075078928447, 0.6212858214136522}, 
   0.6212858214136522}, 
  {{0.4435519748103141, 0.5750494383147284}, 
   0.5750494383147284}, 
  {{0.4831361478896972, 0.7794269558438331}, 
   0.7794269558438331}, 
  {{0.4839118816503948, 0.01681316095999332}, 
   0.4839118816503948}, 
  {{0.4858841198676993, 0.975341978053681}, 
   0.975341978053681}, 
  {{0.5652062120708216, 0.07435512660557503}, 
   0.5652062120708216}, 
  {{0.6940323014408909, 0.2797875506124515}, 
   0.6940323014408909}, 



  {{0.6963225235040657, 0.6416778882408596}, 
   0.6963225235040657}, 
  {{0.7472294513062484, 0.933371550073869}, 
   0.933371550073869}, 
  {{0.7529625079372378, 0.1613917491155758}, 
   0.7529625079372378}, 
  {{0.836819888375213, 0.1667087053726033}, 
   0.836819888375213}, 
  {{0.838006633081569, 0.3323319715799101}, 
   0.838006633081569}, 
  {{0.888781950309773, 0.1640393654989242}, 
   0.888781950309773}, 
  {{0.917366143259505, 0.4207718949341304}, 
   0.917366143259505}, 
  {{0.919453745115708, 0.7459368104384731}, 
   0.919453745115708}, 
  {{0.936205142028753, 0.3874053135293446}, 
   0.936205142028753}, {{1, 1}, 1}};

MultiQuadricRMSError[test3,phi2,10,1/6]

0.0153861

È Example 3

ì Define Distributions and Structure Functions

sysi = {TruncatedPDF[x1,WeibullDistribution[3/2,2]],
       TruncatedPDF[x2,WeibullDistribution[3,4]],
       PDF[BetaDistribution[25/16,1],x3],
       TruncatedPDF[x4,NormalDistribution[3/4,1/5]]};

phirawa[x_] := (Log[x[[1]]+1]/Log[2]/4)+
                   ((E^x[[2]]-1)/(E-1)/4)+
                   ((x[[3]]^3)/4)+
                   (Sqrt[x[[4]]]/4) // N

phirawb[x_] := ((x[[1]]^(5/6))/4)+
                   ((x[[2]]^(2))/4)+
                   ((x[[3]]^(3))/4)+
                   ((x[[4]]^(3/2))/4) // N

phirawc[x_] := (x[[1]]^(1/3))*
                   (x[[2]]^(4/3))*
                   (x[[3]]^(1/4))*
                   (x[[4]]^(1/5)) // N



ì Find Theoretical Results

{

NIntegrate[(Log[x1+1]/Log[2]/4) sysi[[1]],{x1,0,1}]+
NIntegrate[((E^x2-1)/(E-1)/4) sysi[[2]],{x2,0,1}]+
NIntegrate[((x3^3)/4) sysi[[3]],{x3,0,1}]+
NIntegrate[(Sqrt[x4]/4) sysi[[4]],{x4,0,1}],

NIntegrate[((x1^(5/6))/4) sysi[[1]],{x1,0,1}]+
NIntegrate[((x2^(2))/4) sysi[[2]],{x2,0,1}]+
NIntegrate[((x3^(3))/4) sysi[[3]],{x3,0,1}]+
NIntegrate[((x4^(3/2))/4) sysi[[4]],{x4,0,1}],

NIntegrate[(x1^(1/3)) sysi[[1]],{x1,0,1}]*
NIntegrate[(x2^(4/3)) sysi[[2]],{x2,0,1}]*
NIntegrate[(x3^(1/4)) sysi[[3]],{x3,0,1}]*
NIntegrate[(x4^(1/5)) sysi[[4]],{x4,0,1}]

}

80.620369 , 0.542374 , 0.444722 <

ì data

(* Data below was produced with:
n=20;

datasites=ExtremaAdd[{#,0}& /@ RandomGenerate[n-2,4]];

data={{#[[1]],phirawa[#[[1]]]}& /@ datasites,
      {#[[1]],phirawb[#[[1]]]}& /@ datasites,
      {#[[1]],phirawc[#[[1]]]}& /@ datasites};
*)

data = {{{{0, 0, 0, 0}, 0}, {{1, 1, 1, 1}, 1.}, 
     {{0.5236573143475254, 0.82631728719576, 
       0.5847735478816752, 0.1475133296028847}, 
      0.4848393960576952}, 
     {{0.7542332254244829, 0.836248729294307, 
       0.4896071937147578, 0.1408316021503213}, 
      0.5161324083853068}, 
     {{0.7095328663615365, 0.5052520218728464, 
       0.03608599719979527, 0.4951690349791916}, 
      0.4649812409828609}, 
     {{0.8517075323667031, 0.4163584719878832, 
       0.3069451692950627, 0.1196398595058461}, 
      0.3910537523113055}, 
     {{0.655104475602236, 0.3225573080724096, 
       0.7336720470871906, 0.7443192124240596}, 
      0.5515276254308965}, 



     {{0.08307452145984999, 0.3529998609974765, 
       0.139341639182566, 0.5210415799360321}, 
      0.2715097077502861}, 
     {{0.5594172071123244, 0.5266825738017164, 
       0.554568091300891, 0.3735282503331474}, 
      0.4565548233382118}, 
     {{0.805183981687842, 0.6904338445074102, 
       0.06496089758613312, 0.232696648182826}, 
      0.4784073030269244}, 
     {{0.09565111532630488, 0.1851818226345636, 
       0.02887490038633783, 0.7375276132036344}, 
      0.2772506406722665}, 
     {{0.2439435829596022, 0.7688233506466804, 
       0.7219297310912749, 0.6178877536977881}, 
      0.5376788586073749}, 
     {{0.5888391073573663, 0.446266042574271, 
       0.988257684004084, 0.8735685412737289}, 
      0.7237874378123696}, 
     {{0.5057645858975162, 0.09326618157679439, 
       0.8489160448215178, 0.3525269613376964}, 
      0.4632262643042111}, 
     {{0.9463473787851921, 0.5665836077750778, 
       0.2943479535206274, 0.978998711004549}, 
      0.6048297819899635}, 
     {{0.1411633970973502, 0.8761497632676679, 
       0.2293870559344944, 0.7463020628217231}, 
      0.4705455140162648}, 
     {{0.04551228177104538, 0.6909679406331043, 
       0.2005121555481566, 0.008774449618088858}, 
      0.1863466482288775}, 
     {{0.8015686988114429, 0.9221445899864239, 
       0.4785824244568814, 0.3908866959203006}, 
      0.6163962778780862}, 
     {{0.2127295914540769, 0.4758785474121528, 
       0.4903247404527972, 0.5173181546465722}, 
      0.3675154806989664}, 
     {{0.7069650055565609, 0.3826123658353584, 
       0.6414086956312789, 0.1647911933088755}, 
      0.4281305122692342}}, 
    {{{0, 0, 0, 0}, 0}, {{1, 1, 1, 1}, 1.}, 
     {{0.5236573143475254, 0.82631728719576, 
       0.5847735478816752, 0.1475133296028847}, 
      0.380674911768668}, 
     {{0.7542332254244829, 0.836248729294307, 
       0.4896071937147578, 0.1408316021503213}, 
      0.4150160920218085}, 
     {{0.7095328663615365, 0.5052520218728464, 
       0.03608599719979527, 0.4951690349791916}, 
      0.3387658138468705}, 
     {{0.8517075323667031, 0.4163584719878832, 
       0.3069451692950627, 0.1196398595058461}, 
      0.2796138690126095}, 
     {{0.655104475602236, 0.3225573080724096, 
       0.7336720470871906, 0.7443192124240596}, 



      0.4610163652696073}, 
     {{0.08307452145984999, 0.3529998609974765, 
       0.139341639182566, 0.5210415799360321}, 
      0.1572957417571815}, 
     {{0.5594172071123244, 0.5266825738017164, 
       0.554568091300891, 0.3735282503331474}, 
      0.3231303066294616}, 
     {{0.805183981687842, 0.6904338445074102, 
       0.06496089758613312, 0.232696648182826}, 
      0.3560041584495659}, 
     {{0.09565111532630488, 0.1851818226345636, 
       0.02887490038633783, 0.7375276132036344}, 
      0.2022854459014712}, 
     {{0.2439435829596022, 0.7688233506466804, 
       0.7219297310912749, 0.6178877536977881}, 
      0.4404127034691717}, 
     {{0.5888391073573663, 0.446266042574271, 
       0.988257684004084, 0.8735685412737289}, 
      0.655998843036941}, 
     {{0.5057645858975162, 0.09326618157679439, 
       0.8489160448215178, 0.3525269613376964}, 
      0.3491010919018954}, 
     {{0.9463473787851921, 0.5665836077750778, 
       0.2943479535206274, 0.978998711004549}, 
      0.567567207680777}, 
     {{0.1411633970973502, 0.8761497632676679, 
       0.2293870559344944, 0.7463020628217231}, 
      0.4050148608067256}, 
     {{0.04551228177104538, 0.6909679406331043, 
       0.2005121555481566, 0.008774449618088858}, 
      0.1406221144458399}, 
     {{0.8015686988114429, 0.9221445899864239, 
       0.4785824244568814, 0.3908866959203006}, 
      0.5090052315365456}, 
     {{0.2127295914540769, 0.4758785474121528, 
       0.4903247404527972, 0.5173181546465722}, 
      0.2479389025490081}, 
     {{0.7069650055565609, 0.3826123658353584, 
       0.6414086956312789, 0.1647911933088755}, 
      0.3065488839475258}}, 
    {{{0, 0, 0, 0}, 0}, {{1, 1, 1, 1}, 1.}, 
     {{0.5236573143475254, 0.82631728719576, 
       0.5847735478816752, 0.1475133296028847}, 
      0.3727274337170384}, 
     {{0.7542332254244829, 0.836248729294307, 
       0.4896071937147578, 0.1408316021503213}, 
      0.4053384657889699}, 
     {{0.7095328663615365, 0.5052520218728464, 
       0.03608599719979527, 0.4951690349791916}, 
      0.1359211246632165}, 
     {{0.8517075323667031, 0.4163584719878832, 
       0.3069451692950627, 0.1196398595058461}, 
      0.1434587636359673}, 
     {{0.655104475602236, 0.3225573080724096, 



       0.7336720470871906, 0.7443192124240596}, 
      0.1676126178724005}, 
     {{0.08307452145984999, 0.3529998609974765, 
       0.139341639182566, 0.5210415799360321}, 
      0.0583781104379917}, 
     {{0.5594172071123244, 0.5266825738017164, 
       0.554568091300891, 0.3735282503331474}, 
      0.2483689393160614}, 
     {{0.805183981687842, 0.6904338445074102, 
       0.06496089758613312, 0.232696648182826}, 
      0.2141158585399884}, 
     {{0.09565111532630488, 0.1851818226345636, 
       0.02887490038633783, 0.7375276132036344}, 
      0.01872320816661444}, 
     {{0.2439435829596022, 0.7688233506466804, 
       0.7219297310912749, 0.6178877536977881}, 
      0.3684151965440207}, 
     {{0.5888391073573663, 0.446266042574271, 
       0.988257684004084, 0.8735685412737289}, 
      0.2773964834195918}, 
     {{0.5057645858975162, 0.09326618157679439, 
       0.8489160448215178, 0.3525269613376964}, 
      0.02625848832773189}, 
     {{0.9463473787851921, 0.5665836077750778, 
       0.2943479535206274, 0.978998711004549}, 
      0.3376037129564266}, 
     {{0.1411633970973502, 0.8761497632676679, 
       0.2293870559344944, 0.7463020628217231}, 
      0.2849292180661173}, 
     {{0.04551228177104538, 0.6909679406331043, 
       0.2005121555481566, 0.008774449618088858}, 
      0.05660210117184252}, 
     {{0.8015686988114429, 0.9221445899864239, 
       0.4785824244568814, 0.3908866959203006}, 
      0.5747050028162732}, 
     {{0.2127295914540769, 0.4758785474121528, 
       0.4903247404527972, 0.5173181546465722}, 
      0.1626709366852991}, 
     {{0.7069650055565609, 0.3826123658353584, 
       0.6414086956312789, 0.1647911933088755}, 
      0.1544004229556137}}}; 

ì Perform Reliability Assessment Based on Data (rsq=1/6)

{Ex3Calc[sysi,data[[1]],1/6,3],
 Ex3Calc[sysi,data[[2]],1/6,3],
 Ex3Calc[sysi,data[[3]],1/6,3]}

80.62418 , 0.545021 , 0.44416 <



ì Perform Reliability Assessment Based on Data (rsq=1/2)

{Ex3Calc[sysi,data[[1]],1/2,3],
 Ex3Calc[sysi,data[[2]],1/2,3],
 Ex3Calc[sysi,data[[3]],1/2,3]}

80.624284 , 0.54382 , 0.447619 <



È Example 2 - Monotonicity Assured

Show[{Graphics[{Line /@ ({{#,0},{#,1}}& /@
        Union[#[[1,1]]& /@ test2])}],
      Graphics[{Line /@ ({{0,#},{1,#}}& /@
        Union[#[[1,2]]& /@ test2])}],
      Graphics[{PointSize[0.02],
        {Point /@ (#[[1]]& /@ test2)}}]},
      AspectRatio->1,
      PlotRange->{{0,1},{0,1}},
      Frame->True,
      FrameLabel->{Subscript[x,1],Subscript[x,2]},
      RotateLabel->False,TextStyle->{FontSize->16}
]
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test2mqnd2=MultiQuadricND2[test2,1/6];

MultiQuadricNDRMSError[test2mqnd2,phi2,10]

0.0228224



Show[Plot3D[MLinInt[{x1,x2},test2mqnd2],
       {x1,0,1},{x2,0,1},
           DisplayFunction->Identity],
     Graphics3D[Point /@ ((Flatten /@ test2)+
        Table[{0,0,0.02},{Length[test2]}]),
           DisplayFunction->Identity],
     DisplayFunction->$DisplayFunction,
     AxesLabel->{Subscript[x,1],
                 Subscript[x,2],
                 "s(x)"}]
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Analysis of Effect of R^2

È Calculations

data = 8880<, 0<, 881�2<, 0<, 881<, 1<<;

Plot@MultiQuadric@8x<, data, MultiQuadricC@data, 0D, 0D,

8x, 0, 1<, PlotRange -> 80, 1<,

AxesLabel -> 8TraditionalForm@xD, TraditionalForm@s@xDD<D
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Plot@MultiQuadric@8x<, data, MultiQuadricC@data, 1� 1000D,

1�1000D, 8x, 0, 1<, PlotRange -> 8-0.05, 1<,

AxesLabel -> 8TraditionalForm@xD, TraditionalForm@s@xDD<D
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Plot@MultiQuadric@8x<, data, MultiQuadricC@data, 1D, 1D,

8x, 0, 1<, PlotRange -> 8-0.15, 1<,

AxesLabel -> 8TraditionalForm@xD, TraditionalForm@s@xDD<D
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IIE Paper Example 1

È Comments

In this notebook, functions are given in full rather than called through RelPack; it is hence completely

self-contained In fact, attempting to evaluate this notebook after RelPack has been loaded will result in

errors, as this will cause slightly different functions with the same names to be loaded over existing 

"protected" ones.  This notebook contains the examples in a paper which the author co-authored and 

has submitted to IIE Transactions

È Functions

Off@General::spellD; Off@General::spell1D;

ì Multistate Markov Models

PDPErlangian@M_Integer, val_, t_D := ModuleB8ans= Table@0, 8M + 1<D<,

DoBansPi + 1T =
HvaltLM-i E-val t

������������������������������������������������HM - iL!
, 8i, 1, M<F; ansP1T = 1 -Ê

i=1

M

ansPi + 1T;

ansF
PDPErlangianSystem@m_D :=

TransposeB:TableB i
������
m
, 8i, 0, m<F, PDPErlangian@m, l, tD>F �� Simplify

PDPAdjacent@mymu_List, t_D :=

Module@8m = Length@mymuD, mu = Prepend@mymu, 0D<,
Table@pti@i m mu tD 8i 0 m<DD

pti@i_Integer, m_Integer, mu_List, t_D :=

i
k
jjjjjjÊ
j=i

m

aij@i, j, m, muD E-muP j+1 Tt
y
{
zzzzzz Ì

j=i+1

m

muPj + 1T

aij@i_Integer, j_Integer, m_Integer, mu_ListD :=

Í
m

IfBk =!=j,
1

�����������������������������������������������������������
muPk + 1T - muPj + 1T , 1F

SYSF@sys_List, s_D := Plus��H#1P2T&L �� Select@sys, #1P1T � s&D



SYSE2@sys_ListD := Plus��H#1P1T2 #1P2T&L �� sys

ì Multistate Measures

SYSR@sys_List, s_D := 1 - SYSF@sys, sD
SYSE@sys_ListD := Plus��H#1P1T #1P2T&L�� sys

SYSV@sys_ListD := SYSE2@sysD - HSYSE@sysDL2
SYSOE@sys_List, t_, t_, ni_: False, rules_: NullD :=

If@ni, NIntegrate@SYSE@sysD, 8t, 0, t<D,
Integrate@SYSE@sysD, 8t, 0, t<, rulesDD

SYSOVUB@sys_List, t_, t_, ni_: False, rules_: NullD :=

IfAni, NIntegrateA�!!!!!!!!!!!!!!!!!!!!!!!SYSE2@sysD , 8t, 0, t<E2 -

NIntegrate@SYSE@sysD, 8t, 0, t<D2,
IntegrateA�!!!!!!!!!!!!!!!!!!!!!!!SYSE2@sysD , 8t, 0, t<, rulesE2 -

Integrate@SYSE@sysD, 8t, 0, t<, rulesD2E
SYSD@sys_List, t_, s_, ni_: False, rules_: NullD :=

If@ni, NIntegrate@SYSR@sys, sD, 8t, 0, �<D,
Integrate@SYSR@sys, sD, 8t, 0, �<, rulesDD

SYSTOE@sys_List, t_, ni_: False, rules_: NullD :=

SYSOE@sys, t, �, ni, rulesD
SYSLWE@sys_List, t_, U_, ni_: False, rules_: NullD :=

If@ni, NIntegrate@U*SYSE@sysD, 8t, 0, �<D,
Integrate@U *SYSE@sysD, 8t, 0, �<, rulesDD

È Example

Hsys = PDPErlangianSystem@3DL �� MatrixForm
i

k

jjjjjjjjjjjjjjjj

0 1����
2
E-t l H-2 + 2 Et l - 2 t l - t2 l2L

1����
3

1����
2
E-t l t2 l2

2����
3

E-t l t l

1 E-t l

y

{

zzzzzzzzzzzzzzzz



8#P1T, SYSR@sys, #P1TD<& �� sys �� Simplify �� MatrixForm
i

k

jjjjjjjjjjjjjjj

0 1����
2
E-t l H2 + 2 t l + t2 l2L

1����
3

E-t l H1 + t lL
2����
3

E-t l

1 0

y

{

zzzzzzzzzzzzzzz

SYSE@sysD �� Simplify
1
�����
6

E-t l H6 + 4 t l + t2 l2L

SYSV@sysD �� Simplify
1

���������
36

E-2 t l

H36 H-1 + Et lL + 16 H-3 + Et lL t l + 2 H-14 + Et lL t2 l2 - 8 t3 l3 - t4 l4L

Last@FindMinimum@-HSYSV@sysD �. l -> 3L, 8t, 1<DD
8t � 0.599214 <

SYSOE@sys, t, t, False, Assumptions � Ht > 0LD �� Simplify
12 - E-l t H12 + 6 l t + l2 t2L
������������������������������������������������������������������������������

6 l

SYSOVUB@sys �. l � 3, t, 2, TrueD
0.338449

8#P1T, SYSD@sys, t, #P1T, False, Assumptions � HRe@lD > 0LD<& ��

Drop@sys, -1D �� Simplify ��
MatrixForm

i

k

jjjjjjjjjj

0 3����
l

1����
3

2����
l

2����
3

1����
l

y

{

zzzzzzzzzz

SYSTOE@sys, t, False, Assumptions � HRe@lD > 0LD �� Simplify
2
�����
l

U3@t_D := E-t n n

SYSLWE@sys, t, U3@tD, False, Assumptions � HRe@l + nD > 0LD
n H6 l2 + 8 l n + 3 n2L
�����������������������������������������������������������

3 Hl + nL3



Plot@SYSE@sysD �. l � 3, 8t, 0, 2<, AxesLabel -> 8"t", "E@fHtLD"<D
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Plot@SYSV@sysD �. l � 3, 8t, 0, 2<, AxesLabel -> 8"t", "V@fHtLD"<D
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Plot@SYSOE@sys, t, t, False, Assumptions � Ht > 0LD �. l � 3,

8t, 0, 2<, AxesLabel -> 8"t", "OE@tD"<D
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Plot@Evaluate@
SYSLWE@sys, t, U3@tD, False, Assumptions � HRe@l + nD > 0LD �. l � 3D,
8n, 0, 10<, AxesLabel -> 8"n", "LWE@U@nDD"<D
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IIE Paper Example 2

È Functions

Off@General::spellD; Off@General::spell1D;
<< Statistics‘ContinuousDistributions‘

S@cdfs_ListD := 1 - Times��H1 - cdfsL
P@cdfs_ListD := Times��cdfs

AVG@e_ListD := HPlus��eL�Length@eD
AVG2@eb_ListD := Module@8e, e2<, 8e, e2< = Transpose@ebD;
8HPlus��eL �Length@eD, HHPlus��e2L + 2 Sum@e@@iDD e@@jDD,

8i, 1, Length@eD - 1<, 8j, i + 1, Length@eD<DL �
Length@eD^2<D

PROD@e_ListD := Times��e

PROD2@eb_ListD :=

Module@8e, e2<, 8e, e2< = Transpose@ebD; 8Times��e, Times��e2<D
COPROD@e_ListD := 1 - Times��H1 - eL
COPROD2@eb_ListD := Module@8e, e2<, 8e, e2< = Transpose@ebD;
81 - Times��H1 - eL, 1 - 2 HTimes��H1 - eLL + Times��H1 - 2 e + e2L<D

BinaryCDF@x_, p_D := Which@
x < 0, 0,

x >= 1, 1,

True, 1 - p

D
MultistateCDF@x_, sys_D := Which@

x < First@sysD@@1DD, 0,

x >= Last@sysD@@1DD, 1,

x >= First@sysD@@1DD && x < Last@sysD@@1DD,
Do@If@sys@@i, 1DD <= x < sys@@i + 1, 1DD,
Return@Sum@sys@@j, 2DD, 8j, i<DDD

, 8i, Length@sysD - 1<DD
m@t_, k_D := E-Log@2D t�k



s@t_, k_D :=
1
�����
4

 ikjj
1
�����
2

- AbsA 1�����
2

- m@t, kDEy{zz +
1

������������
100

F@t_, k_, x_D := Which@
x < 0, 0,

x >= 1, 1,

True, HCDF@NormalDistribution@m@t, kD, s@t, kDD, xD -

CDF@NormalDistribution@m@t, kD, s@t, kDD, 0DL�
HCDF@NormalDistribution@m@t, kD, s@t, kDD, 1D -

CDF@NormalDistribution@m@t, kD, s@t, kDD, 0DLD

È Continuum Measures (CDF)

Note: for repairable systems CDFR would more properly be called CDFA.  Note also that t is the 
first argument in these expressions rather than the second.

CDFMoment@t_, n_, a_: 2D :=

NIntegrate@n xn-1 H1 - CDFF@t, xDL, 8x, 0, 1<, AccuracyGoal � aD
CDFR@t_, x_D := 1 - CDFF@t, xD
CDFE@t_, a_: 2D := CDFMoment@t, 1, aD
CDFV@t_, a_: 2D := CDFMoment@t, 2, aD - CDFMoment@t, 1, aD2
CDFOE@tau_, a_: 2D :=

NIntegrate@CDFE@t, aD, 8t, 0, tau<, AccuracyGoal � aD
CDFOVUB@tau_, a_: 2D :=

NIntegrateA�!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!CDFMoment@t, 2, aD , 8t, 0, tau<, AccuracyGoal � aE2 -

CDFOE@tau, aD2
CDFD@x_, a_: 2D := NIntegrate@CDFR@t, xD, 8t, 0, �<, AccuracyGoal � aD
CDFTOE@a_: 2D := CDFOE@�, aD
CDFLWE@u_, a_: 2D :=

NIntegrate@u CDFE@t, aD, 8t, 0, �<, AccuracyGoal � aD
CDFAV@tau_, s_: 0, a_: 2D :=

NIntegrate@CDFR@t, sD, 8t, 0, tau<, AccuracyGoal � aD� tau
B@a_: 0.05, s_: 0, a_: 2D := FindRoot@CDFR@b, sD ê 1 - a, 8b, 0, 0.01<D
CDFOES@tau_, a_: 2D := CDFOE@tau, aD� tau
CDFOCT@tau_, a_: 0.05, a_: 2D :=

8CDFOE@tau, aD + Sqrt@CDFOVUB@tau, aD�aD,
CDFOE@tau, aD - Sqrt@CDFOVUB@tau, aD�aD<



CDFDV@x_, a_: 2D :=

NIntegrate@2 t CDFR@t, xD, 8t, 0, �<, AccuracyGoal � aD -

NIntegrate@CDFR@t, xD, 8t, 0, �<, AccuracyGoal � aD2
CDFT@a_: 0.95, a_: 2D :=

FindRoot@CDFOE@T, aD ê a CDFTOE@aD, 8T, 0, 0.01<D

È Example A System

c = 9MultistateCDFAx, 990, 1
�����
2
E-3 t H-2 + 2 E3 t - 6 t - 9 t2L=,

9 1�����
3
,

9
�����
2
E-3 t t2=, 9 2�����

3
, 3 E-3 t t=, 81, E-3 t<=E,

BinaryCDF@x, E-3 t�2D, F@t, 2� 3, xD, F@t, 1, xD, F@t, 1�2, xD,
F@t, 3�4, xD=;

CDFF@t0_, x0_D :=

P@8c@@2DD, S@8c@@1DD, P@8c@@3DD, c@@4DD, c@@5DD, c@@6DD<D<D<D �.
8t � t0, x � x0< ��
N

È Example A Calculations

Plot@CDFF@1, sD, 8s, -0.1, 1.1<, AxesLabel -> 8"s", "F@s,1D"<D

0.2 0.4 0.6 0.8 1
s
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0.4

0.6

0.8

1

F@s,1D

û Graphics  û



Plot@CDFR@1, sD, 8s, -0.1, 1.1<, AxesLabel -> 8"s", "A@s,1D"<D

0.2 0.4 0.6 0.8 1
s

0.2

0.4
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1

A@s,1D

û Graphics  û

Plot@CDFE@t, 4D, 8t, 0, 3<, AxesLabel -> 8"t", "E@fHtLD"<D
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t
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û Graphics  û



Plot@CDFV@t, 4D, 8t, 0, 3<, AxesLabel -> 8"t", "V@fHtLD"<D

0.5 1 1.5 2 2.5 3
t

0.025
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0.075

0.1
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0.15

V@φHtLD

û Graphics  û

CDFE@3, 4D
0.0119001

CDFV@3, 4D
0.0110788

CDFOE@3, 4D
0.918261

CDFOVUB@3, 4D
0.874275

CDFD@0, 4D
1.19753

CDFTOE@4D
0.925911

B@0.05, 0, 4D
8b � 0.388612 <

CDFAV@1 �10, 0, 4D
0.999895



CDFOES@3, 4D
0.306087

CDFOCT@3, 0.05, 4D
85.09983 , -3.26331 <

CDFDV@0, 4D
0.426002

CDFT@0.95, 4D
8T � 1.89013 <

È Example B System and Calculations

e1e2b@tau_: 1D :=

99Plus��H#1P1T #1P2T&L�� i
kjj990,

1
�����
2
E-3 t H-2 + 2 E3 t - 6 t - 9 t2L=,

9 1�����
3
,

9
�����
2
E-3 t t2=, 9 2�����

3
, 3 E-3 t t=, 81, E-3 t<= �. t -> tauy{zz ��

N,

Plus��H#1P1T^2 #1P2T&L�� i
kjj990,

1
�����
2
E-3 t H-2 + 2 E3 t - 6 t - 9 t2L=,

9 1�����
3
,

9
�����
2
E-3 t t2=, 9 2�����

3
, 3 E-3 t t=, 81, E-3 t<= �. t -> tauy{zz ��

N=,
8Plus��

H#1P1T #1P2T&L�� H880, 1 - E-3 t�2<, 81, E-3 t�2<< �. t -> tauL �� N,
Plus��H#1P1T^2 #1P2T&L��

H880, 1 - E-3 t�2<, 81, E-3 t�2<< �. t -> tauL �� N<,
8NIntegrate@H1 - Hc@@3DD �. t -> tauLL, 8x, 0, 1<D,
NIntegrate@2 x H1 - Hc@@3DD �. t -> tauLL, 8x, 0, 1<D<,
8NIntegrate@H1 - Hc@@4DD �. t -> tauLL, 8x, 0, 1<D,
NIntegrate@2 x H1 - Hc@@4DD �. t -> tauLL, 8x, 0, 1<D<,
8NIntegrate@H1 - Hc@@5DD �. t -> tauLL, 8x, 0, 1<D,
NIntegrate@2 x H1 - Hc@@5DD �. t -> tauLL, 8x, 0, 1<D<,
8NIntegrate@H1 - Hc@@6DD �. t -> tauLL, 8x, 0, 1<D,
NIntegrate@2 x H1 - Hc@@6DD �. t -> tauLL, 8x, 0, 1<D<=

eb = e1e2b@1D
880.224042 , 0.141063 <, 80.22313 , 0.22313 <, 80.353615 , 0.134702 <,

80.5, 0.268168 <, 80.250076 , 0.0677752 <, 80.396909 , 0.169441 <<



eb2 = COPROD2@
8PROD2@8AVG2@8eb@@1DD, eb@@2DD, eb@@3DD<D, eb@@4DD, eb@@5DD<D,
eb@@6DD<D

80.417038 , 0.185319 <

8e, v< = 8eb2@@1DD, eb2@@2DD - eb2@@1DD^2<
80.417038 , 0.0113983 <



Miscellaneous Examples

È Tire Example

Htire= Transpose@880, 1, 2<, PDPAdjacent@8m1, m2<, tD<D �� SimplifyL ��

MatrixForm

i

k

jjjjjjjjjj

0
I 1-E-t m2 M m1+I -1+E-t m1 M m2����������������������������������������������������������������

m1-m2

1
I E-t m1 -E-t m2 M m2����������������������������������������

-m1+m2

2 E-t m2

y

{

zzzzzzzzzzzzzzz

ExpectedState@tireD

2 E-t m2 +
HE-t m1 - E-t m2L m2
�������������������������������������������������

-m + m

tire�. 8m1 � 1, m2 � 2< �� MatrixForm

i

k

jjjjjj

0 -1 + E-2 t - 2 H-1 + E-tL

1 2 H-E-2 t + E-tL

2 E-2 t

y

{

zzzzzzzzz

ExpectedState@tireD �. 8m1 � 1, m2 � 2< �� Simplify

2 E-t

È Continuous Bounds Example

NIntegrate@MultiQuadric@8x1, x2<, 8880, 0<, 0<, 880, 1�2<, 1 �2<,

881�2, 0<, 1�2<, 881�2, 1�2<, 3�4<, 881, 1<, 1<<, Evaluate@

MultiQuadricC@8880, 0<, 0<, 880, 1�2<, 1�2<, 881�2, 0<, 1�2<,

881�2, 1�2<, 3�4<, 881, 1<, 1<<, 1 �6D, 1 �6DD, 8x1, 0, 1<,

0.71351

Bounds2@8880, 0<, 0<, 880, 1 �2<, 1 �2<,

881�2, 0<, 1�2<, 881 �2, 1�2<, 3�4<, 881, 1<, 1<<,

81 1<D

80.4375, 0.9375<



È U(t) Illustrations

Plot@PDF@UniformDistribution@0, 2D, tD, 8t, 0, 3<,

PlotRange -> 80, 1<, AxesLabel -> 8"t", "UHtL"<D
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û Graphics  û

Plot@PDF@ExponentialDistribution@1D, tD, 8t, 0, 3<,

AxesLabel -> 8"t", "UHtL"<D
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Plot@PDF@RayleighDistribution@1D, tD, 8t, 0, 3<,

AxesLabel -> 8"t", "UHtL"<D
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S 7DEOH>PLQ � �L�����Q��� �PD[�PLQ��

^/HQJWK>FGIOLVW@`�^L�Q`@�

ISKL S>>�@@�

SSURE 7DEOH>,I>M  ��FGIOLVW>>L@@ �� [�!S>>L�M@@�
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� � �

6\VWHP)URP'LUHFW(QXPHUDWLRQ�>SB/LVW�SKLB6\PERO�

ISKLB/LVW�SSUREB/LVW@ � 

0RGXOH>^DQV  7DEOH>�� ^/HQJWK>ISKL@`@� WDE�� WHPS`�

WDE�  V\VWDEOH�>S� SKL� ISKL@�

'R>WHPS 7UDQVSRVH>6HOHFW>WDE��

�>>�@@  ISKL>>L@@ 	@@>>�@@�

'R>'R>WHPS>>M�N@@  

SSURE>>N�3RVLWLRQ>S>>N@@�

WHPS>>M�N@@@>>���@@@@

�^N�/HQJWK>S@`@

�^M�/HQJWK>WHPS@`@�

DQV>>L@@  3OXV ## $SSO\>7LPHV� WHPS� �@

�^L�/HQJWK>ISKL@`@�
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ISKL>>L@@@
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Q /HQJWK>S@�

P 7DEOH>/HQJWK>S>>L@@@�^L�Q`@�

VL]H 3URGXFW>P>>L@@�^L�Q`@�

WDE 7DEOH>��^VL]H`@�

D 7DEOH>��^L�Q`@�

'R>WDE>>M@@ 7DEOH>S>>L�D>>L@@@@�^L�Q`@�

'R>,I>7DNH>D���Q�L�@  7DNH>P���Q�L�@�
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^L�Q��`@�
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�^M�VL]H`@�

WDE@

3')$'LVW>SGIB�[B�DB/LVW@ � 

6TUW>6XP>1,QWHJUDWH>�[��D>>L��@@�D>>L@@����A� SGI�

^[�D>>L@@�D>>L��@@`@� ^L� �� /HQJWK>D@��`@�



� � �

1,QWHJUDWH>�[�)LUVW>D@�A� SGI�

^[�D>>�@@�D>>�@@`@�

1,QWHJUDWH>�[�/DVW>D@�A� SGI�

^[�D>>��@@�D>>��@@`@@

5'>SGIB�[B�QB�PLQB���PD[B��@ � 

6ZLWFK>Q���5'��>SGI�[�PLQ�PD[@�

��5'��>SGI�[�PLQ�PD[@�

��5'��>SGI�[�PLQ�PD[@�

��5'��>SGI�[�PLQ�PD[@�

��5'��>SGI�[�PLQ�PD[@�

��5'��>SGI�[�PLQ�PD[@�

��5'��>SGI�[�PLQ�PD[@�

��5'��>SGI�[�PLQ�PD[@�

���5'��>SGI�[�PLQ�PD[@�

B�)DOVH@

5'��>SGIB�[B�PLQB���PD[B��@ � 0RGXOH>^[��DQV`�

DQV )LQG0LQLPXP>3')$'LVW>SGI�[�^PLQ�[��PD[`@A��

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

0D[,WHUDWLRQV�!�����@�

DQV>>�@@ ^PLQ�[��PD[` �� DQV>>�@@�

DQV>>�@@ 6TUW>DQV>>�@@@�

DQV@

5'��>SGIB�[B�PLQB���PD[B��@ � 0RGXOH>^[��[��DQV`�

DQV )LQG0LQLPXP>3')$'LVW>SGI�[�^PLQ�[��[��PD[`@A��

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

0D[,WHUDWLRQV�!�����@�

DQV>>�@@ ^PLQ�[��[��PD[` �� DQV>>�@@�

DQV>>�@@ 6TUW>DQV>>�@@@�

DQV@

5'��>SGIB�[B�PLQB���PD[B��@ � 0RGXOH>^[��[��[��DQV`�

DQV )LQG0LQLPXP>3')$'LVW>SGI�[�^PLQ�[��[��[��PD[`@A��

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

0D[,WHUDWLRQV�!�����@�

DQV>>�@@ ^PLQ�[��[��[��PD[` �� DQV>>�@@�

DQV>>�@@ 6TUW>DQV>>�@@@�

DQV@



� � �

5'��>SGIB�[B�PLQB���PD[B��@ � 0RGXOH>^[��[��[��[��DQV`�

DQV )LQG0LQLPXP>3')$'LVW>SGI�[�^PLQ�[��[��[��[��PD[`@A��

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

0D[,WHUDWLRQV�!�����@�

DQV>>�@@ ^PLQ�[��[��[��[��PD[` �� DQV>>�@@�

DQV>>�@@ 6TUW>DQV>>�@@@�

DQV@

5'��>SGIB�[B�PLQB���PD[B��@ � 0RGXOH>^[��[��[��[��[��DQV`�

DQV )LQG0LQLPXP>3')$'LVW>SGI�[�^PLQ�[��[��[��[��[��PD[`@A��

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

0D[,WHUDWLRQV�!�����@�

DQV>>�@@ ^PLQ�[��[��[��[��[��PD[` �� DQV>>�@@�

DQV>>�@@ 6TUW>DQV>>�@@@�

DQV@

5'��>SGIB�[B�PLQB���PD[B��@ � 0RGXOH>^[��[��[��[��[��[��DQV`�

DQV )LQG0LQLPXP>3')$'LVW>SGI�[�^PLQ�[��[��[��[��[��[��PD[`@A��

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

0D[,WHUDWLRQV�!�����@�

DQV>>�@@ ^PLQ�[��[��[��[��[��[��PD[` �� DQV>>�@@�

DQV>>�@@ 6TUW>DQV>>�@@@�

DQV@

5'��>SGIB�[B�PLQB���PD[B��@ � 0RGXOH>^[��[��[��[��[��[��[��DQV`�

DQV )LQG0LQLPXP>3')$'LVW>SGI�[�^PLQ�[��[��[��[��[��[��[��PD[`@A��

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�



� � �

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�

^[��^PLQ�����PD[�PLQ��PLQ�����PD[�PLQ�����0DFKLQH(SVLORQ``�
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:KLOH>X�G! WRO�

WHPS 1>�X�G��� � G� SUHF@�

,I>�FGI �� [�!WHPS� � T� G WHPS� X WHPS@@�

:KLFK>&KRS>WHPS�PLQ�WRO@  ��PLQ�

&KRS>WHPS�PD[�WRO@  ��PD[�

7UXH� WHPS@@



� � �

6<60HGLDQ>V\VB@ � 6<64XDQWLOH>V\V� ���@

&')0HGLDQ>FGIB� [B� PLQB��� PD[B��@ � 

&')4XDQWLOH>FGI� [� ���� �0DFKLQH3UHFLVLRQ� PLQ� PD[@

6<64XDUWLOHV>V\VB@ � 

^6<64XDQWLOH>V\V� ���@�

6<64XDQWLOH>V\V� ���@�

6<64XDQWLOH>V\V� ���@`

&')4XDUWLOHV>FGIB� [B� PLQB��� PD[B��@ � 

^&')4XDQWLOH>FGI� [� ���� �0DFKLQH3UHFLVLRQ� PLQ� PD[@�

&')4XDQWLOH>FGI� [� ���� �0DFKLQH3UHFLVLRQ� PLQ� PD[@�

&')4XDQWLOH>FGI� [� ���� �0DFKLQH3UHFLVLRQ� PLQ� PD[@`

6<64XDGUDWLF5DZ>V\VB� \�B� NB��@ � 0RGXOH>^DQV V\V`�

'R>DQV>>L��@@ N �V\V>>L��@@�\��A��^L�/HQJWK>V\V@`@� DQV@

&')4XDGUDWLF0HDQ>FGIB� [B� \�B� NB��� PD[B��@ � 

:LWK>^P 7DEOH>&')0RPHQW>FGI� [� L� PD[@� ^L��`@`�

N�\�A� � �\�P>>�@@ � P>>�@@�

@

&')4XDGUDWLF9DULDQFH>FGIB� [B� \�B� NB��� PD[B��@ � 

:LWK>^P 7DEOH>&')0RPHQW>FGI� [� L� PD[@� ^L��`@`�

NA����\�A�P>>�@@A� � �\�A�P>>�@@ � �\�P>>�@@P>>�@@ �

P>>�@@A� � �\�P>>�@@ � P>>�@@�

@

&')4XDGUDWLF6NHZQHVV>FGIB� [B� \�B� NB��� PD[B��@ � 

:LWK>^P 7DEOH>&')0RPHQW>FGI� [� L� PD[@� ^L��`@`�

��NA��\�A� � �\�P>>�@@ � P>>�@@�A� �

�NA��\�A� � �\�P>>�@@ � P>>�@@�

�\�A� � �\�A�P>>�@@ � �\�A�P>>�@@ � �\�P>>�@@ � P>>�@@� �

NA��\�A� � �\�A�P>>�@@ � ��\�A�P>>�@@ � ��\�A�P>>�@@ �

��\�A�P>>�@@ � �\�P>>�@@ � P>>�@@���

�NA����\�A�P>>�@@A� � �\�A�P>>�@@ � �\�P>>�@@P>>�@@ � P>>�@@A� �

�\�P>>�@@ � P>>�@@��A�����

@



� � �

&')4XDGUDWLF.XUWRVLV>FGIB� [B� \�B� NB��� PD[B��@ � 

:LWK>^P 7DEOH>&')0RPHQW>FGI� [� L� PD[@� ^L��`@`�

���NA��\�A� � �\�P>>�@@ � P>>�@@�A� �

�NA��\�A� � �\�P>>�@@ � P>>�@@�A�

�\�A� � �\�A�P>>�@@ � �\�A�P>>�@@ � �\�P>>�@@ � P>>�@@� �

�NA��\�A� � �\�P>>�@@ � P>>�@@�

�\�A� � �\�A�P>>�@@ � ��\�A�P>>�@@ � ��\�A�P>>�@@ �

��\�A�P>>�@@ � �\�P>>�@@ � P>>�@@� �

NA��\�A� � �\�A�P>>�@@ � ��\�A�P>>�@@ � ��\�A�P>>�@@ �

��\�A�P>>�@@ � ��\�A�P>>�@@ � ��\�A�P>>�@@ � �\�P>>�@@ � P>>�@@�

���NA����\�A�P>>�@@A� � �\�A�P>>�@@ � �\�P>>�@@P>>�@@ � P>>�@@A� �

�\�P>>�@@ � P>>�@@�A��

@

&')4XDGUDWLF.XUWRVLV([FHVV>FGIB� [B� \�B� NB��� PD[B��@ � 

&')4XDGUDWLF.XUWRVLV>FGI� [� \�� N� PD[@ � �

6<6,QWHUTXDUWLOH5DQJH>V\VB@ � 6<64XDQWLOH>V\V� ���@ �

6<64XDQWLOH>V\V� ���@

&'),QWHUTXDUWLOH5DQJH>FGIB� [B� PLQB��� PD[B��@ � 

&')4XDQWLOH>FGI� [� ���� �0DFKLQH3UHFLVLRQ� PLQ� PD[@ �

&')4XDQWLOH>FGI� [� ���� �0DFKLQH3UHFLVLRQ� PLQ� PD[@

6<64XDUWLOH'HYLDWLRQ>V\VB@ � 6<6,QWHUTXDUWLOH5DQJH>V\V@��

&')4XDUWLOH'HYLDWLRQ>FGIB� [B� PLQB��� PD[B��@ � 

&'),QWHUTXDUWLOH5DQJH>FGI� [� PLQ� PD[@��

6<63HDUVRQ6NHZQHVV�>V\VB@ � 

� �([SHFWHG6WDWH>V\V@ � 6<60HGLDQ>V\V@��

6WDWH6WDQGDUG'HYLDWLRQ>V\V@

&')3HDUVRQ6NHZQHVV�>FGIB� [B� PLQB��� PD[B��@ � 

� �&')([SHFWHG6WDWH>FGI� [� PD[@ � &')0HGLDQ>FGI� [� PLQ� PD[@��

&')6WDWH6WDQGDUG'HYLDWLRQ>FGI� [� PD[@

&')5DQGRP>FGIB� [B� QB��� PLQB��� PD[B��@ � 

7DEOH>&')4XDQWLOH'RZQ>FGI� [� 5DQGRP>@� �0DFKLQH3UHFLVLRQ�

PLQ� PD[@� ^Q`@



� � �

-�� 6W RFKD V W LF$QD O\ V LV

SHUP�>SB/LVW@ � 0RGXOH>^WDE�VL]H�P�Q�D�L�M`�

Q /HQJWK>S@�

P 7DEOH>/HQJWK>S>>L@@@�^L�Q`@�

VL]H 3URGXFW>P>>L@@�^L�Q`@�

WDE 7DEOH>��^VL]H`@�

D 7DEOH>��^L�Q`@�

'R>WDE>>M@@ 7DEOH>S>>L�D>>L@@@@�^L�Q`@�

'R>,I>7DNH>D���Q�L�@  7DNH>P���Q�L�@�

,I>D>>L@@  P>>L@@�D>>L@@ ��D>>L@@��@@�^L�Q��`@�

,I>D>>Q@@  P>>Q@@�D>>Q@@ ��D>>Q@@��@�

�^M�VL]H`@�

WDE@

V\VWDEOH�>SB/LVW�SKLB6\PERO@ � ^�� SKL>�@`	 �# SHUP�>S@

VH�>V\VB/LVW@ � 3OXV ## ���>>�@@ �>>�@@�	 �# V\V�

)HOOHU/LVWV>QB,QWHJHU� OB,QWHJHU@ � 0RGXOH>^OLVW�QHZOLVW`�

OLVW 5HSODFH3DUW>7DEOH>��^O`@����@	 �# 5DQJH>Q@�

'R>QHZOLVW ^`�

'R>QHZOLVW -RLQ>QHZOLVW�7DEOH>5HSODFH3DUW>OLVW>>L@@�M�N@�

^M�OLVW>>L�N��@@���Q`@@

�^L�/HQJWK>OLVW@`@�

OLVW QHZOLVW

�^N���O`@�

OLVW@

&RQVLVWHQW3UREDELOLWLHV4>SB/LVW� SSUREB/LVW@ � 

��/HQJWK>�@	 �# S�   �/HQJWK>�@	 �# SSURE�� 		

�7DEOH>�� ^/HQJWK>S@`@   $SSO\>3OXV� SSURE� �@�

6\VWHP)URP'LUHFW(QXPHUDWLRQ>SB/LVW�SKLB6\PERO�

ISKLB/LVW�SSUREB/LVW@ � 

0RGXOH>^DQV  7DEOH>�� ^/HQJWK>ISKL@`@� WDEOH� WHPS`�

WDEOH  V\VWDEOH�>S� SKL@�

'R>WHPS 7UDQVSRVH>6HOHFW>WDEOH� �>>�@@  ISKL>>L@@ 	@@>>�@@�

'R>'R>WHPS>>M�N@@  

SSURE>>N�3RVLWLRQ>S>>N@@� WHPS>>M�N@@@>>���@@@@

�^N�/HQJWK>S@`@



� � �

�^M�/HQJWK>WHPS@`@�

DQV>>L@@  3OXV ## $SSO\>7LPHV� WHPS� �@

�^L�/HQJWK>ISKL@`@�

DQV

@

6\VWHP)URP/%3,QFOXVLRQ([FOXVLRQ>SB/LVW�OESVB/LVW�

ISKLB/LVW�SSUREB/LVW@ � 

0RGXOH>^SSURE��OESV��DQV�FOES�Y�IO�WPS`�

SSURE� 'URS>)ROG/LVW>3OXV�����@���@	 �# SSURE�

OESV� 'URS>����@	 �# OESV�

OESV� 0DS$W>3RVLWLRQ>ISKL��@>>���@@	����@	 �# OESV��

OESV� 0DS$W>0DS,QGH[HG>3RVLWLRQ>S>>��>>�@@@@�

��@>>���@@	��@	����@	 �# OESV��

DQV 7DEOH>��^/HQJWK>ISKL@`@� DQV>>�@@ ��

'R>FOES 7UDQVSRVH>6HOHFW>OESV���>>�@@  L 	@@>>�@@�

Y /HQJWK>FOES@�

'R>IO )HOOHU/LVWV>Y�M@�

WPS 6XP>3URGXFW>SSURE�>>O�

�0D[ �# 7UDQVSRVH>FOES>> IO>>N@@ @@ @�>>O@@ @@�

^O���/HQJWK>S@`@�^N���/HQJWK>IO@`@�

DQV>>L@@ � ����A�M���WPS

�^M���Y`@

�^L���/HQJWK>ISKL@`@�

$SSHQG>7DEOH>DQV>>L��@@�DQV>>L@@�

^L���/HQJWK>DQV@`@�/DVW>DQV@@@

7ULYLDO%RXQGV)URP/%3>SB/LVW�OESVB/LVW�SSUREB/LVW@ � 

0RGXOH>^SSURE�`�

SSURE� 'URS>)ROG/LVW>3OXV�����@���@	 �# SSURE�

^3URGXFW>SSURE�>>L�3RVLWLRQ> S>>L@@�

OESV>>L@@ @>>���@@ @@�^L���/HQJWK>SSURE�@`@�

��3URGXFW>��SSURE�>>L�3RVLWLRQ> S>>L@@�

OESV>>L@@ @>>���@@ @@�^L���/HQJWK>SSURE�@`@

`@

,QFOXVLRQ([FOXVLRQ%RXQGV)URP/%3>SB/LVW�OESVB/LVW�

ISKLB/LVW�SSUREB/LVW�SUHFB,QWHJHU@ � 

0RGXOH>^SSURE��OESV��DQV�FOES�Y�IO�WPS�WHPSO�WHPSX�E`�

SSURE� 'URS>)ROG/LVW>3OXV�����@���@	 �# SSURE�

OESV� 'URS>����@	 �# OESV�

OESV� 0DS$W>3RVLWLRQ>ISKL�



� � �

�@>>���@@	����@	 �# OESV��

OESV� 0DS$W>0DS,QGH[HG>3RVLWLRQ>S>>��>>�@@@@�

��@>>���@@	��@	����@	 �# OESV��

DQV 7DEOH>��^/HQJWK>ISKL@`@� DQV>>�@@ ��

'R>FOES 7UDQVSRVH>6HOHFW>OESV���>>�@@  L 	@@>>�@@�

Y /HQJWK>FOES@�

E 0LQ>SUHF�Y@�

,I>E  Y�

'R>IO )HOOHU/LVWV>Y�M@�

WPS 6XP>3URGXFW>SSURE�>>O�

�0D[ �# 7UDQVSRVH>FOES>> IO>>N@@ @@ @�>>O@@ @@�

^O���/HQJWK>S@`@�^N���/HQJWK>IO@`@�

DQV>>L@@ � ����A�M���WPS

�^M���Y`@�

'R>IO )HOOHU/LVWV>Y�M@�

WPS 6XP>3URGXFW>SSURE�>>O�

�0D[ �# 7UDQVSRVH>FOES>> IO>>N@@ @@ @�>>O@@ @@�

^O���/HQJWK>S@`@�^N���/HQJWK>IO@`@�

DQV>>L@@ � ����A�M���WPS

�^M���E��`@�

WHPSO DQV>>L@@�

IO )HOOHU/LVWV>Y�E@�

WPS 6XP>3URGXFW>SSURE�>>O�

�0D[ �# 7UDQVSRVH>FOES>> IO>>N@@ @@ @�>>O@@ @@�

^O���/HQJWK>S@`@�^N���/HQJWK>IO@`@�

WHPSX WHPSO�����A�E���WPS�

,I>WHPSO� WHPSX�DQV>>L@@ ^WHPSO�WHPSX`�DQV>>L@@ ^WHPSX�WHPSO`@@

�^L���/HQJWK>ISKL@`@�

DQV@

6\VWHP0DWUL[>ISKLB/LVW�DQVB/LVW@ � 7UDQVSRVH>^ISKL�DQV`@

5HOLDELOLW\,PSRUWDQFH>SB/LVW� SKLB6\PERO� ISKLB/LVW� SSUREB/LVW�

LB,QWHJHU� MB@ � 

0RGXOH>^KLJK�ORZ`�

KLJK 5HSODFH3DUW>7DEOH>��^/HQJWK>S>>L@@@`@�

�� 3RVLWLRQ>S>>L@@� M@@�

ORZ 5HSODFH3DUW>7DEOH>��^/HQJWK>S>>L@@@`@�

�� �@�

VH�>6\VWHP0DWUL[>ISKL�

6\VWHP)URP'LUHFW(QXPHUDWLRQ>S�SKL�ISKL�

5HSODFH3DUW>SSURE�KLJK�L@@@@�

VH�>6\VWHP0DWUL[>ISKL�
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6\VWHP)URP'LUHFW(QXPHUDWLRQ>S�SKL�ISKL�

5HSODFH3DUW>SSURE�ORZ�L@@@@

@

5HOLDELOLW\,PSRUWDQFHV7DEOH>SB/LVW� SKLB6\PERO� ISKLB/LVW� SSUREB/LVW@ � 

0RGXOH>^DQV`�

DQV S�

'R>'R>DQV>>L�M@@ 

5HOLDELOLW\,PSRUWDQFH>S� SKL� ISKL� SSURE� L� S>>L�M@@@

�^M�/HQJWK>S>>L@@@`@

�^L�/HQJWK>S@`@�

DQV@

37R4>SB/LVW@ � 'URS>)ROG/LVW>3OXV����S@���@

47R3>TB/LVW@ � $SSHQG>7DEOH>T>>L��@@�T>>L@@�^L���/HQJWK>T@`@�/DVW>T@@

6WLHOWMHV,QWHJUDO>IB� JB� ^WB� PLQB��� PD[B��`� IDFWB��@ � 

:LWK>^GL �PD[�PLQ�����AIDFW�`�

6XP>1>��J �� W�!W����J �� W�!�W��GL��� �I �� W�!W��@�

^W�� PLQ� PD[� GL`@@

6WLHOWMHV,QWHJUDO+>IB� JB� ^WB� PLQB��� PD[B��`� IDFWB��@ � 

:LWK>^GL �PD[�PLQ�����AIDFW�`�

6XP>1>��J �� W�!W����J �� W�!�W��GL��� �I �� W�!W��@�

^W�� PLQ� PD[� GL`@ �

16XP>��J �� W�!W����J �� W�!�W��GL��� �I �� W�!W���

^W�� PD[�GL� ,QILQLW\� GL`� 0HWKRG�!)LW@@

6WLHOWMHV,QWHJUDO*>IB� JB� ^WB� PLQB��� PD[B��`� IDFWB��@ � 

:LWK>^GL �PD[�PLQ�����AIDFW�`�

6XP>1>��J �� W�!W����J �� W�!�W��GL��� �I �� W�!W��@�

^W�� PLQ� PD[� GL`@ �

16XP>��J �� W�!W����J �� W�!�W��GL��� �I �� W�!W���

^W�� PD[�GL� ,QILQLW\� GL`� 0HWKRG�!)LW@ �

16XP>��J �� W�!W����J �� W�!�W��GL��� �I �� W�!W���

^W�� PLQ�GL� �,QILQLW\� �GL`� 0HWKRG�!)LW@@

3>FGIVB/LVW� UXOHVBBB@ � 7LPHV ## �FGIV �� ^UXOHV`�



� � �

6>FGIVB/LVW� UXOHVBBB@ � ���7LPHV ## ����FGIV �� ^UXOHV`���

$>FGIB� [B� DB@ � FGI �� [�![�D

&�>FGI�B� ^FGI�B� PLQ�B��� PD[�B��`� [B� ]B� IDFWB��@ � 

6WLHOWMHV,QWHJUDO>�FGI� �� [�!�]�[��� FGI��

^[� PLQ�� PD[�`� IDFW@ �� ]�![

&$>FGI�B� PLQ�B��� PD[�B���

^FGI�B� PLQ�B��� PD[�B��`� [B� ]B� IDFWB��@ � 

$>&�>FGI�� ^FGI�� PLQ�� PD[�`� [� ]� IDFW@� [�

���PD[��PD[��@

&$9>FGI�B� PLQ�B��� PD[�B���

^FGI�B� PLQ�B��� PD[�B��`� [B� ]B� IDFWB��@ � 

$>&�>FGI�� ^FGI�� PLQ�� PD[�`� [� ]� IDFW@� [� ���@

'LVFUHWH%XLOG>V\VOLVWB� SKLB@ � 

0RGXOH>^S�ISKL�SSURE�WHPS V\VOLVW`�

'R>'R>WHPS>>L�M@@ V\VOLVW>>L�M��@@�

^M���/HQJWK>V\VOLVW>>L@@@`@�^L�/HQJWK>V\VOLVW@`@� S WHPS�

'R>'R>WHPS>>L�M@@ V\VOLVW>>L�M��@@�

^M���/HQJWK>V\VOLVW>>L@@@`@�^L�/HQJWK>V\VOLVW@`@� SSURE WHPS�

ISKL 8QLRQ>SKL>�@	 �# SHUP�>S@@�

6\VWHP0DWUL[>ISKL�

6\VWHP)URP'LUHFW(QXPHUDWLRQ>S� SKL� ISKL� SSURE@@@

30>V\VOLVWB@ � 0RGXOH>^SKL`�

SKL>[B@ � 0D[>[@� 'LVFUHWH%XLOG>V\VOLVW�SKL@@

60>V\VOLVWB@ � 0RGXOH>^SKL`�

SKL>[B@ � 0LQ>[@� 'LVFUHWH%XLOG>V\VOLVW�SKL@@

$0>V\VB� DB@ � 0RGXOH>^DQV V\V`�

'R>DQV>>L��@@ D V\V>>L��@@�^L�/HQJWK>V\V@`@� DQV@

&�0>V\VOLVWB@ � 0RGXOH>^SKL`�

SKL>[B@ � 3OXV ## [� 'LVFUHWH%XLOG>V\VOLVW�SKL@@

&$0>V\VOLVWB@ � 0RGXOH>^SKL� DQV� PLQ� PD[`�

SKL>[B@ � 3OXV ## [� DQV 'LVFUHWH%XLOG>V\VOLVW�SKL@�

PD[ DQV>>/HQJWK>DQV@��@@�

$0>DQV���PD[@@

&$90>V\VOLVWB@ � 0RGXOH>^SKL� DQV`�

SKL>[B@ � 3OXV ## [� DQV 'LVFUHWH%XLOG>V\VOLVW�SKL@�

$0>DQV���/HQJWK>V\VOLVW@@@
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-�� 1HZ ) XQFW LRQV

7KH IXQFWLRQV LQ WKLV VHFWLRQ UHTXLUH WKDW DOO WKH RWKHU SDFNDJHV DOVR EH ORDGHG�

SKLURXQG>[B�SKLB�ISKLB@ � 0RGXOH>^WHPS�WHPS�`�

WHPS SKL>[@�

WHPS� 0LQ>�ISKL�WHPS�A�@�

)LUVW>6HOHFW>ISKL�����WHPS�A� �� 1�   �WHPS� �� 1�	��@@@

%RXQGV�>GDWDB/LVW�IB/LVW�DJB,QWHJHU��@ � 

0RGXOH>^D�E�LQWV�PLG�WRWDO ^���``�

D LQWV 8QLRQ �# 7UDQVSRVH>7UDQVSRVH>GDWD@>>�@@@�

E $SSO\>/LVW�)ODWWHQ>$UUD\>8QLTXH>@��/HQJWK �# D�����@@��@�

'R>,I>DJ!��LQWV>>L�M@@  1,QWHJUDWH>I>>L@@�

^[�D>>L�M��@@�D>>L�M@@`�$FFXUDF\*RDO�!DJ@�

LQWV>>L�M@@  �I>>L@@ �� [�!D>>L�M@@��

�I>>L@@ �� [�!D>>L�M��@@� �� 1@

�^L�/HQJWK>D@`�^M���/HQJWK>D>>L@@@`@�

'R>PLG  ���>>�@@��>>�@@����	 �# 7DEOH>^D>>L�E>>M�L@@��@@�

D>>L�E>>M�L@@@@`�^L�/HQJWK>D@`@�

WRWDO � ^3KL0LQ>PLG�GDWD@�3KL0D[>PLG�GDWD@`

3URGXFW>LQWV>>L�E>>M�L@@@@�^L�/HQJWK>D@`@

�^M�/HQJWK>E@`@�

WRWDO@

3KL0D[>[B/LVW� GDWDB/LVW@ � 0LQ>7UDQVSRVH>6HOHFW>

GDWD�)UHH4>,QQHU>*UHDWHU(TXDO��>>�@@�[�/LVW@�

)DOVH@	@@>>�@@@

3KL0LQ>[B/LVW� GDWDB/LVW@ � 0D[>7UDQVSRVH>6HOHFW>

GDWD�)UHH4>,QQHU>/HVV(TXDO��>>�@@�[�/LVW@�

)DOVH@	@@>>�@@@

6\VWHP)URP'LUHFW(QXPHUDWLRQ/RZ>SB/LVW�GDWDB/LVW�

ISKLB/LVW�SSUREB/LVW@ � 

0RGXOH>^DQV  7DEOH>�� ^/HQJWK>ISKL@`@� WDEOH� WHPS`�

WDEOH  V\VWDEOH�ORZ>S� SKL� GDWD@�

'R>WHPS 7UDQVSRVH>6HOHFW>WDEOH� �>>�@@  ISKL>>L@@ 	@@>>�@@�

'R>'R>WHPS>>M�N@@  

SSURE>>N�3RVLWLRQ>S>>N@@� WHPS>>M�N@@@>>���@@@@

�^N�/HQJWK>S@`@
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